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ABSTRACT To provide utility in understanding the molecular evolution of ion-selective biomembrane channels/transporters,
globular proteins, and ionophoric compounds, as well as in guiding their modiﬁcation and design, we present a statistical mechan-
ical basis for deconstructing the impact of the coordination structure and chemistry of selective multidentate ionic complexes. The
deconstruction augments familiar ideas in liquid structure theory to realize the ionic complex as an open ion-ligated system acting
under the inﬂuence of an ‘‘external ﬁeld’’ provided by the host (or surrounding medium). Using considerations derived from
this basis, we show that selective complexation arises from exploitation of a particular ion’s coordination preferences. These
preferences derive from a balance of interactions much like that which dictates the Hofmeister effect. By analyzing the coordina-
tion-state space of small family IA and VIIA ions in simulated ﬂuid media, we derive domains of coordinated states that confer
selectivity for a given ion upon isolating and constraining particular attributes (order parameters) of a complex comprised of
a given type of ligand. We demonstrate that such domains may be used to rationalize the ion-coordinated environments provided
by selective ionophores and biological ion channels/transporters of known structure, and that they can serve as a means toward
deriving rational design principles for ion-selective hosts.INTRODUCTION
The specific interactions between ions and macromolecules
affect a plethora of important biological processes. In addi-
tion to the well known (for over 100 years (1)) fact that
water-mediated ionic interactions with macromolecules
affect their solubility (2–5) (the so-called Hofmeister effect),
bound ions can play a crucial role in the catalytic processes of
enzymes and in maintaining overall protein structure (6,7).
Specific ion binding can affect the conformation and activity
of nucleic acids (8) and various drugs (9,10), modulate the
physical and electrostatic properties of the biomembrane/
aqueous-solution interface (11,12), affect the binding and
insertion of proteins into the cell membrane (13), and influ-
ence macromolecular aggregation processes such as domain
formation in biological membranes (14–17), lipid vesicle
fusion (18,19), and viral assembly (20). Ions also interact in
a specific manner with dipolar or charged moieties lining
the transport pathway through biomembrane-spanning chan-
nels and transporters. Such specific interactions allow these
‘‘ion transport’’ proteins to selectively allow the permeation
of particular ions (21). This special property of ‘‘selectivity’’
is what imparts to ion transport proteins the capability of
generating transmembrane electromotive and chemical forces
necessary to carry out cellular functions.
The subject of ionic selectivity has received a great deal of
attention recently (22–28) due to the determination, by
diffraction methods, of several channel and transporter
protein structures (29). With structural knowledge of exem-
plary selective binding sites for Naþ, Kþ, Ca2þ, and Cl in
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port proteins use coordinating moieties in their ionic binding
sites (‘‘selectivity filters’’) to compensate for the thermody-
namic cost of dehydration upon ion binding. From this
perspective, sites within the selectivity filters of such proteins
have been compared to ‘‘multidentate’’ ionophoric ligands
(29,30). One may note that the macroscopic selective perme-
ability of an ion transport protein is not due solely to the spec-
ificity of a single site within its pore, and is sensitive to a ple-
thora of interactions, such as correlative effects between
multiple permeating ions and the protein and the wide range
of conditions biologically available to the inner and outer
solutions of a biological membrane. However, it appears
that preferential ionic complexation by moieties available to
a protein plays an important part in selective ion transport.
The synthesis of selective ionophores is part of the mature
field of organic host-guest chemistry, which has produced
a large number of compounds selective for many types of
ions (31,32). The design of such compounds strives for
control over certain variables that impart to the ionophoric
system the capability of ‘‘molecular recognition’’ (where
the ‘‘molecule’’ is a particular ion). As such, the design of
a molecule that displays selective ionic complexation is
viewed as a storage of information in the ionophore (or
ligand), L, which is realized by the ion, M, upon complexa-
tion, M þ L4ML. The equilibrium constant in this
reaction is often called the ‘‘stability constant’’ (31),
KM ¼ ½ML=½M½L, and the selectivity for a particular
ion, A, over some other ion, B, is expressed as a ‘‘relative
stability’’ or ratio of equilibrium constants, SA/B ¼
KA=KB. Binding complementarity for a particular ion is said
to be achieved when the maximum amount of information
is stored in the ionophore (32). The types of information
doi: 10.1016/j.bpj.2009.03.001
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an ionophore, namely the selected ion’s radius, average
hydration number, hard/soft character (33–36) and polariz-
ability, surface charge density, and hydration free energy
(32) appear to be the same types of information that the
process of molecular evolution has used to build the selec-
tivity filters of ion transport proteins (29).
Many of the above physical properties that synthetic
organic chemists account for when designing a compound
to bind a specific ion are derived from the context of a hydrated
ion. Knowledge of ionic radii is derived from coordination
radii in aqueous solution (i.e., the first maximum in ion-water
oxygen pair correlation functions) (37), and the average
hydration number, by definition, is the number of water mole-
cules coordinating the ion in bulk water. An ion’s hard/soft
character describes the extent to which the aqueous ion
‘‘shares’’ electrons with neighboring bulk water molecules.
As such, it characterizes the strength with which the ion inter-
acts with its surrounding water and gives it an acidlike (in the
case of a cation) or baselike (in the case of an anion) character
(36). Finally, it should be self-explanatory that the hydration
free energy of an ion is derived from the ion’s interactions
with pure water. Strictly speaking, none of the properties
described above have anything to do with the organic
compounds to which a particular ion binds. Nonetheless,
these concepts are found to be useful in designing the attri-
butes that give rise to selective binding.
As pointed out in the earliest of commentaries on the
subject (38), complementarity between a bioorganic host
and its substrate ‘‘amounts to a sort of generalized ‘lock and
key’ relationship not limited to steric fit ., but extending
over other molecular features’’ (32). However, in practice, it
can be difficult to know the importance of one particular
molecular feature with respect to another, or whether specific
features might be correlated. In what follows, we expound, in
pedantic detail, on concepts introduced previously (24) to
provide a generalized framework for understanding the deter-
minants of selective ionic complexation in organic hosts
(proteinaceous or otherwise), liquids, and gases.With a statis-
tical mechanical treatment of the complexation event in hand,
the physical elements outlined above (chemical identity of the
coordinating ligands, structure of the complex, constraints
placed on the complex by the host, etc.), which give rise to
preferential ionic complexation, may be thought of in a
more unified manner. We then move on to illustrate the
concepts behind these physical elements by analyzing the
coordinated states available to different ions in fluid environ-
ments. Finally, we show the utility of this framework in
delineating domains of ‘‘coordination-state space’’ that are
selective for a given ion in different fluidmedia, and its poten-
tial as a tool to provide guidelines for selective ion transport
protein or ionophore design.
One will note that although much of our discussion is
directed toward ions complexed by transport proteins, the
general concepts we outline, although with some simplifica-tions, should be useful in the consideration of any ion and
any host, provided that no covalent bond making or breaking
is involved in the complexation event. The treatment logi-
cally follows from principles previously applied to molecular
liquids (39–43) and fluids or fluid droplets under the influ-
ence of an external field (44,45), so we expect it to be useful
in the understanding of water structure around ions (i.e., the
Hofmeister effect (1,2,4,5,46,47)) and also of the determi-
nants of neat liquid structure. For example, the self-complex-
ation of liquid water molecules has been found lately to be
useful in explaining the multifaceted structural and phase
properties of amorphous water (48).
METHODS
To illustrate elements of the framework that follows, we utilize molecular
dynamics (MD) simulations of ions in fluid media. All simulations were
of ‘‘free’’ bulk liquid, and employed no biasing potentials. Each of the
ions Liþ, Naþ, Kþ, F, Cl, and Br were simulated in a box of 213 water
molecules at a temperature of 298 K and a pressure of 1 atm using the polar-
izable AMOEBA force field (49,50) and the TINKER simulation package
(51) as described in previous work (24). The production trajectory for
each hydrated ion system was 4.0 ns long. For comparison, using the GRO-
MACS simulation package (54,55), in the same manner as described in
previous work (24), we also performed a 10-ns simulation of each of the
ions Liþ, Naþ, Kþ, and Rbþ, utilizing the models of A˚qvist (52), in a periodic
box of 2179 simple point charge (SPC) water molecules (53) at a temperature
of 298 K and pressure of 1 atm. Finally, again using the GROMACS package
and the ion models of A˚qvist (52), we performed 4-ns simulations of Naþ,
Kþ, and Rbþ in a hypothetical/fictitious carbonyl fluid at a temperature of
298 K and zero pressure, and in exactly the same manner as described previ-
ously (24). Each ion-fluid system was comprised of a single ion and 396
carbonyl-like groups whose parameters were stripped from the OPLS force
field (56) for proteins. We refer the reader to the Supporting Material for a
brief digression on the molecular models used in this work.
The production portion of the trajectories was subjected to standard pop-
ulation and probability density (histogram) analyses to glean ion coordina-
tion properties (e.g., the probability density and its first and second moments
as a function of prescribed order parameters such as coordination number or
average ion-oxygen coordination radius), as described previously (24,57).
These statistical analyses made use of the standard definition of the boundary
of the first coordination shell, which coincides with the first minimum of
the ion-oxygen pair correlation function for a given ‘‘solvent’’ medium.
Standard statistics pertaining to the structure of the first coordination shell
of each ion in the various simulated media are reported in Table 1, and
are in agreement with observations by others (49,52,58).
The collected probability density data were used with Eqs. 15 and 16
to produce one-dimensional (1D) and two-dimensional (2D) selective
free-energy domain maps. We were able, because of significant overlap in
the obtained coordination number distributions (see Figs. 5, A and C, and
Fig. S1 A in Supporting Material), to derive 1D selectivity mappings over
a substantial range of coordination numbers for several ion pairs using solely
raw probability data (see Figs. 5, B and D, and S1 B). For 2D mappings
(see Figs. 7–9) and 1D mappings involving average coordination radius
(see Figs. 6 and S2), Gaussian probability models (see Figs. 5, 6, S1, S2,
and S4–S6) were employed, as in our previous work (24), to facilitate smooth
selective free energy surfaces (see Figs. 6–9 and S2). The Gaussian models
allowed us to extend the bounds of our selectivity maps to regions of
order-parameter space rarely sampled in unbiased MD simulations. In low-
probability regions (corresponding to the tails of the probability density func-
tions), selective free energies derived from Gaussian models were seen to
deviate slightly from those obtained using raw probability data. Comparing
Gaussian models and raw probability results in the most remote regions
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in selective free energy that were dependent on the particular fluid (water or
fictitious carbonyl) model (for example, compare the raw selectivity of Fig. 5
B to the corresponding Gaussian-based selectivity of Fig. 8 at large values of
coordination number). Such discrepancies in free energy for regions of low
raw probability are entirely expected despite very good agreement between
raw probability data and the employed probability models. This is because
the proportionality, JflnP, between free energy, J, and probability, P, asso-
ciated with observing events along an order parameter in an uncoupled fluid
implies that the error in J propagates as dJfdP=P, where dP is the error in the
raw probability measurement (59). Thus, the relation underlying our
mappings (Eqs. 15 and 16) implies that the error in selective free energy
calculated from raw probability measurements will be large in low-proba-
bility regions of order-parameter space. In such circumstances, it is beneficial
to use biased sampling methods (60) or, when possible, probability models.
In this work, the latter approach will serve our illustrative purposes given
the reasonable fit obtained with Gaussian models (see Figs. 5, 6, S1, S2,
and S4–S6).
Theoretical framework
Consider the potential energy function, Eðx0;SÞ, which contains all interac-
tions within an ionophoric system. For example, in the case of an ion
channel, Eðx0;SÞ would include the bathing intra- and extracellular electro-
lyte, membrane, protein, and any solvent or ions within the channel. Here,
we explicitly represent the position x0 of a single ion within the system.
The remaining degrees of freedom of the system are lumped into the set,
S (Fig. 1, upper).
At constant total volume, V, and temperature, T, we may write a configu-
ration integral for the system given a particular position, x0, of the candidate
ion,
Zðx0Þ ¼
Z
V
dSebEðx0;SÞ; (1)
where b1 ¼ kBT (kB is Boltzmann’s constant). This configuration integral
is proportional to the canonical partition function (61) of the system, S, sub-
jected to an ‘‘external field’’ due to the ion placed at x0. Thus, the Helmholtz
free energetic cost to bring the ion of type ‘‘j’’ from the external bulk
aqueous solution to a single site within the channel is
TABLE 1 Structural properties of various ions in simulated
model ﬂuid media
Fluid medium Ion
First maximum
(Ropt (A˚))
First minimum
(rc (A˚)) hni sn
Liþ 1.97 2.83 4.2 0.5
Naþ 2.39 3.09 5.6 0.6
H2O K
þ 2.75 3.54 6.8 1.0
(AMOEBA) F- 2.79 3.39 5.8 0.6
Cl- 3.23 3.96 7.6 1.3
Br- 3.41 4.23 8.9 1.6
Liþ 2.03 2.81 4.6 0.6
H2O Na
þ 2.41 3.19 5.8 0.5
(SPC/A˚qvist) Kþ 2.73 3.59 6.7 0.9
Rbþ 2.85 3.67 7.0 1.0
Naþ 2.39 3.50 6.2 0.4
C¼O (OPLS) Kþ 2.70 4.09 7.1 0.7
Rbþ 2.85 4.10 7.3 0.7
Properties included are the first maximum (Ropt) and minimum (rc) of
the ion-oxygen pair correlation function, g(r), and the mean and standard
deviation in the number of ion-coordinating oxygen atoms (hni and sn,
respectively).Biophysical Journal 96(11) 4470–4492DAjbulk/site ¼ kBTln
Zðx0 ¼ siteÞ
Zðx0 ¼ bulkÞ: (2)
This free energy is the quantity to consider when determining the thermody-
namic favorability of binding. Under constant pressure (rather than volume)
an equivalence can be drawn with the canonical ensemble, as long as the
system density is well defined (62), and we may obtain a similar expression
for the Gibbs free energy of ion binding, DGbulk/site.
FIGURE 1 Sketch of the external environments ‘‘felt’’ by a complex
encapsulated in a coordination subvolume, v, at different levels of uncou-
pling to the system remainder. The entire system (upper) has a macroscopic
volume V, and consists of a solvated host complexing a central ion at x0 with
n, out of a total of N, coordinators. Upon uncoupling the coordinators from
the host (middle), the complex is under the field of an external hypothetical
fluid of coordinators (HCF). When the complex is uncoupled from the
external fluid (lower), it is under the influence of a hypothetical gas of
coordinators (HCG) and interacts with nothing in the complementary
volume, VC.
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type B, the relative free energy,
DDAA/B ¼ DABbulk/site  DAAbulk/site
¼ DAA/Bsite  DAA/Bbulk ; (3)
is the relevant discriminant. One will note that DDAA/B ¼ kBTlnSA/B, as
the selectivity, SA/B, is defined in the introduction. When DDA is positive,
the site prefers to complex with ion A over ion B. However, since the free
energy of Eq. 2 (and, consequently, DDA of Eq. 3) requires integration
over all degrees of freedom, it is difficult to see whether particular structural
characteristics give rise to favorable complexation of a given ion.
The traditional emphasis on ion coordination and the environment
provided by the protein architecture as contributors to selective ion complex-
ation leads us to represent, more explicitly, certain degrees of freedomwithin
the system. Thus, we consider the protein as a set of N ‘‘coordinators’’ or
‘‘ligands’’ (generally, polyatomic or monatomic moieties that can coordinate
an ion) covalently bonded to their protein (as depicted in Fig. 1,upper). Exam-
ples of coordinators might include carbonyl, amide, or hydroxyl groups. For
brevity, we rewrite all degrees of freedom in terms of the position of the ion,
effectively placing the ion at the origin.Wewill explicitly state the position,x0
(e.g., whether the ion is in the bulk or at a particular site), when it is of conse-
quence. We note that in the bulk, all positions of the ion are definitively equi-
valent. Further, we consider the potential of mean force, UðrN ;RÞ, where
coordinator orientations are integrated (see Supporting Material). The set
rN ¼ r1; r2;.; rNgf represents the positions of the coordinators (with respect
to the position of the ion), andR represents the remaining degrees of freedom
(all degrees of freedom that do not qualify as ion or coordinator).
Although a protein-ion complex may generally involve many different
chemical moieties (6), it will serve our illustrative purposes to consider
a simplification where these moieties are identical. Thus, our discussion
will cover only structural determinants of selective ionic complexation by
a given type of coordinator, and not the implications of ‘‘hybrid’’ complex-
ation by moieties of varying chemical type. We note that it would be
possible to generalize our development to include various types of moieties
if desired. It is also worth noting that the implicit treatment of coordinator
orientation implied by UðrN ;RÞ is a matter of choice. There are cases that
would necessitate explicit treatment of coordinator orientation. For example,
a site in a protein might enforce the orientation of coordinators possessing
a significant dipole moment to determine whether a positive or negative
ion will bind favorably. However, an implicit treatment will suffice to
address selectivity among ions of like sign in valence.
Our choice to represent a set of coordinators explicitly does not neces-
sarily imply that the particular site under scrutiny must utilize coordination
to bind an ion (implying dehydration). This is an important consideration,
because many channels that are selective for harder (33–36) or more kosmo-
tropic (2,4) ions, such as Naþ or Ca2þ, can have large pore sizes (compared
to the size of their selected ions) and display promiscuity in the species they
allow to permeate (21,63), but still maintain selective permeability for their
ions. The ions for which these channels are selective may (or may not) pass
through as partially hydrated species. As such, a ‘‘selective permeability’’
refers to a competitive preference for a particular species to permeate, and
not absolute exclusion of all other species.
‘‘Binding’’ events mediated largely by direct coordination of the ion by the
protein can be considered a competition between the ‘‘process’’ of ion hydra-
tion, and the ‘‘process’’ of ion binding by interacting closely with the coordi-
nators of the protein. We refer to this competition as between ‘‘processes’’
rather than between the water molecules and the site coordinators themselves,
because the free energy of complexation at a site (Eq. 2) and the free energy
associated with preferential complexation (Eq. 3) are both affected not only
by the ‘‘chemical composition’’ of the binding-site coordinators versus that
of the bulk phase (usually water molecules), but also by any type of structural
constraints/allowances offered by thebinding site versus the bulk.Wepoint out
that although DDA of Eq. 3 encodes a relative ion binding preference, it hides
information pertaining to absolute ion affinity (Eq. 2) for a given site. Giventhis, one should note that when considering different binding sites possessing
similar selectivity DDAA/B and equivalent structural constraints/allowances,
ligand chemical composition can play a key role in the absolute affinity,
DA
A=B
bulk/site (Eq. 2), for ions A and B and their subsequent binding kinetics.
A small-system grand canonical description
of ion complexation in a host
In the following text, and in the Appendix, using the above as a starting
point, we define the distribution of coordinated states (i.e., coordination
number and structure) for an ion at a site in a host. The procedure we use
has been outlined previously (39) for defining a discrete quasicomponent
distribution function in liquids. This distribution function is equivalent to
the probability distribution function derivable from the so-called ‘‘small-
system’’ grand canonical ensemble defined by Reiss and Merry (41),
Soto-Campos et al. (42), and, earlier, in the work of Hill (64,65). The
development also bears analogy with more recent theoretical (so-called qua-
sichemical) approaches to the treatment of molecular association (i.e., clus-
tering) in fluids (66,67). With this development, we arrive at a paradigm in
which the free-energy functional of the ionic complex may be viewed as that
for an ion-centered open system of coordinators (the size of the complexed
ion’s coordination shell) under the influence of the external field of the host
(or system remainder). This perspective draws from ideas presented previ-
ously (44,45) for a fluid under the influence of an external field. In the
case of an ionic complex formed by a host, the ‘‘external field’’ arising
from elements of the host (or system remainder) serve as ‘‘topological
control’’ over the free energy of complexation and, therefore, over the selec-
tive preference of the host for the complexed ion (24,26,28,68). Finally, we
evaluate the role of the various system degrees of freedom in complexing the
ion centered at x0 (or, rather, the origin of interest).
Consider a radius, rc, which traces out a spherical subvolume, v, around
the ion (Fig. 1) open to the complementary external volume, VC ¼ V  v,
such that particles may enter or leave. Although any length may be chosen,
for an appropriate choice of rc, a ligand can be said to coordinate the ion if it
falls within the subvolume. To explore the ways in which a protein interacts
with its bound ion, we begin by supposing that n (out of the total N) ligands
occupy the subvolume, v, as shown in Fig. 1, upper.
We may write the probability density for observing a specific configura-
tion, rN ;Rgf as (see Supporting Material)
r

rN;R
 ¼ rnðrnÞrNnrNnrRðRÞCnrn;rNn;R;xC;xR;
(4)
where rn, rNn, and rR are the probability densities for observing the config-
urations rn ¼ r1; r2;.; rngf in v, rNn ¼ rnþ1; rnþ2;.;rNgf in VC, and R in
V, respectively, if we consider them as independent systems. The function Cn
is a correlation function that encodes their mutual dependence. We have also
introduced the coupling parameters, xC and xR, within the correlation function,
which may take on values from zero (completely uncoupled) to unity
(completely coupled). The parameter xC couples the interaction of the N  n
coordinators in the complementary volume,VC, to the ion and the n coordina-
tors inside v. The parameter xR couples the interaction of the remaining
degrees of freedom (corresponding to configuration R) with the coordinator
degrees of freedom (corresponding to configuration rN) and the ion inside v.
In the Appendix, we show that Eq. 4 implies the probability density that
the small open system within the subvolume, v, contains exactly n coordina-
tors with configuration rn is
PCRðn; rnÞ ¼ z
n
n!XCR
eb½Unðr
nÞþWCRn ðrnÞ; (5)
where Un is the potential describing interactions between all species in the
subvolume, WCRn (defined by Eq. A25) is an external mean field (due to
the influence of the coordinators outside of v and the system remainder)
arising from the correlation function Cn, and z (defined in Eq. A22) is theBiophysical Journal 96(11) 4470–4492
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is the grand canonical partition function. Integrating over configurational
degrees of freedom, rn, produces the probability of observing exactly n coor-
dinators inside v, otherwise known as a ‘‘discrete quasicomponent’’ distribu-
tion (39),
PCRðnÞ ¼ z
nZCRn
n!XCR
; (6)
where ZCRn is the n-fold configuration integral (discussed in relation with
Eqs. A22 and A23 in the Appendix) for the subsystem under the influence
of the external field, WCRn . This integral may be written as the product,
ZCRn ¼ Z0neb3
CR
n , where Z0n is due to the n-fold complex taken independently
(see Eq. A9), and 3CRn is an ‘‘interfacial free energy’’ (41) of interaction
between the n-fold complex inside v with the coordinators outside v and
the remaining degrees of freedom in the system (see Eq. A13). Reiss and
Merry (41) define the equality 3CRn ¼ 4pr2cgn, in which gn has the interpre-
tation of an angularly averaged surface tension (surface free-energy density;
see Appendix). As discussed in our previous work (24), this equality dictates
that no surface tension (tangential strain) at the interface of the complex can
arise without influence from species exterior to v.
Analogous density functions (to Eqs. 5 and 6) may be derived (see Theo-
retical framework, Part III, in Supporting Material) for the case of an open
complex in the environment of a hypothetical coordinator fluid (HCF)
(Fig. 1, middle): PCðn;rnÞ ¼ PCRðn;rn;xR/0Þ (the superscript ‘‘C’’, as
compared with ‘‘CR’’, is meant to imply xR/0). Such functions may also
be derived for the case of an open complex in the environment of a hypothet-
ical coordinator gas (HCG) (Fig. 1, lower): Pidðn;rnÞ ¼ PCðn;rn;xC/0Þ.
These descriptions of the ‘‘open’’ complex, under the influence of a given
host, a fluid (HCF) under prescribed macroscopic conditions, or an ideal
gas (HCG), provide a starting point for understanding the contribution of
the external field provided by a particular host to the selective complexation
of a given ion with a given type of coordinator.
‘‘Topological control’’ and the ‘‘uncoupled’’
ionic complex
If we recall that the grand partition function in Eqs. 5 and 6 is dependent
upon the position of the ion, x0, then the grand thermodynamic potential
is JCRðx0Þ ¼ kBTlnXCRðx0Þ. (We refer the reader to prior work
(64,65,69) outlining the thermodynamic relations pertaining to a small-
system grand ensemble). Thus, the free energy to move an ion of type ‘‘j’’
from bulk water to a site in the protein is
DJjbulk/site ¼ kBTln
XCRðsiteÞ
XCRðbulkÞ; (7)
which amounts to choosing the ion solvated in bulk aqueous solution as
a reference state. We may evaluate the contribution to the site (binding)
free energy that is due to the protein and/or system remainder as (24)
Jjtop ¼ DJjbulk/site  DJjbulk/HCF
¼ kBTln
hXCRðsiteÞ
XCRðbulkÞ 
XCRðbulkÞ
XC

¼ kBTln
hXCRðsiteÞ
XC
i
;
ð8Þ
where the subscript ‘‘top’’ refers to what we will call the ‘‘topological’’
contribution to the site free energy. Note that XC actually depicts a fictitious
state (xR/0) where the ion is solvated in a hypothetical coordinator fluid
(HCF), and does not depend on the ion’s position. Since we are dealing
with states pertaining to the same ion, ‘‘j’’, the bulk aqueous reference state
does not come into play, and we may write (24)Biophysical Journal 96(11) 4470–4492where JjC ¼ kBTlnðXCÞ is the free energy of the ionic complex solvated in
a fluid of coordinators, with the influence of the external field of the system
remainder (host) ‘‘turned off’’ ðxR/0Þ.
In previous treatments, JjC would be termed the ‘‘intrinsic’’ free energy of
the ion in the HCF (44,45). It follows, from the definition of free energy, that
any field applied to the complex outside of an uncoupled HCF will uniquely
determine the free energy of the complex by modulating Jjtop (28,44,45). As
such, the configurational distribution of ion-coordinated states observed in
theHCF is a result of the ability of the field of an ion of type j to assemble/orga-
nize the surrounding fluid of coordinators. In this sense, the distribution of
coordinated states in an uncoupled environment is the consequence of a gener-
alized Hofmeister effect (1,2,4,5,46,47) for any type of coordinator fluid.
Given Eq. 9, the free energy of selectivity for ion A over ion B is
DDJA/BCR ¼ DJA/BCR ðsiteÞ  DJA/BCR ðbulkÞ
¼
h
JBtopðsiteÞ  JAtopðsiteÞ
i
þJBC  JAC DJA/BCR ðbulkÞ
¼ DJA/Btop ðsiteÞ þ DDJA/BC
; (10)
where DJA/Btop ðsiteÞ is the selectivity at the site encoded in the ‘‘host’’ or
system remainder, and DDJA/BC is the selectivity of HCF for ion A over
ion B (24). The latter term represents the ability of a particular type of
moiety, in an uncoupled state, to select ion A over ion B with reference to
a bulk water medium, and is independent of the position of the ion. If the
HCF is taken to be bulk aqueous solution, then DDJA/BC h0.
We must note that the definition of the topological contribution to the site
free energy is dependent upon the choice of definition for the ‘‘uncoupled’’
system. This choice, in turn, depends upon what moieties one chooses to
consider ‘‘coordinators’’. For example, in Eq. 8, the uncoupled system
chosen is the case in which there is correlation between the binding complex
within v and the fluid of coordinators in the complementary volume, VC (i.e.,
CnðxC;xR/0Þ ¼ Cnðrn;rNn;xCÞ (see Fig. 1, middle)), but no correlation
between the complex and the system remainder (for example, the backbone
of the host). This choice implies that the uncoupled contribution to the free
energy of complexation is free of influence from the host (system
remainder), but not free of influence from the HCF external to the complex.
We could also have chosen the uncoupled system to be the case in which the
binding complex interacts with nothing in the complementary volume (i.e.,
CnðxC/0;xR/0Þ ¼ 1 (Fig. 1, lower)). One could say that such a case
corresponds to interaction of the complex with an external HCG instead
of a fluid.
Both of these choices for the uncoupled system yield a different definition
of the topological contribution of the host (or system remainder) to binding,
but each affords a way to describe the effects of the protein’s contribution to
the free energy of complexation. Choosing that the external system be an
HCG ðxC/0;xR/0Þ offers convenience in theory, because such an
uncoupled system attributes the topological contribution of binding to all
elements of the system falling outside the coordination subvolume, v.
However, in practice, choosing an HCF for the uncoupled system is conve-
nient and useful, because it corresponds to the familiar idea of a coordinated
ion in a fluid, and results from ‘‘turning off’’ (xC ¼ 1;xR/0) all elements of
the system that do not qualify as coordinator or ion. As is usual when
defining correlation functions (43), there is no requirement that an uncoupled
(uncorrelated) system represent a realistic system. So long as one’s interpre-
tation of the information encoded in Cn is consistent, one may prescribe the
macroscopic conditions (e.g., density or pressure) of an uncoupled state
(HCG or HCF), and Jjtop is defined.
Regardless of the choice for the uncoupled system, when an ion is com-
plexed by coordinators at a site, its interactions will generally include both
topological contributions and contributions from the coordinators within the
JjCRðsiteÞ ¼ JjtopðsiteÞ þ JjC; (9)
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C FIGURE 2 Sketches of different simplified models ratio-
nalizing selective complexation of Kþ in the canonical
eightfold construct of a Kþ channel binding site. Large
black circles represent oxygen atoms (carbonyl oxygen
atoms in the channel ‘‘site’’ environment, and water oxygen
atoms in the ‘‘bulk’’ aqueous environment). Straight lines
between oxygen atoms represent relatively ‘‘unstrained’’
interactions and bowed lines (with arrows) represent rela-
tively ‘‘strained’’ interactions. (A) A model in which the
cavity size of the site is rigidly enforced (see Eq. 11). (B) A
model in which the ensemble of coordinated states sampled
byKþ orNaþ is considered to be generically ‘‘liquid-like’’ in
both the channel and bulk water environments (see Eq. 12).
The cavity size of the site is not enforced, but collapse of the
site to cradle Naþ is unfavorable due to the high ‘‘field
strength’’ of carbonylmoieties versuswatermolecules. (C) Amodelwhere the cavity size of the site is not explicitly enforced, butwhere enhancement/modulation
of the coordination number of the complex by correlation (Eqs. 4 and 5) with the host (represented by the square object interacting with the oxygen atoms) causes
a thermodynamic cost upon unfavorable collapse of the site to cradle Naþ (see Eqs. 13 and 14).complex itself. Thus, given any ion binding scenario, the correlation func-
tion, Cn, will rarely be unity. The only case where interactions are entirely
due to system topology is at a site where there is no coordination (i.e.,
n/0). In this case, XCRðsiteÞ ¼ expðb3CR0 Þ, such that the ‘‘0-fold’’ inter-
facial free energy, 3CR0 , becomes the excess free energy of the ion fixed at x0.
Application to hypothetical models
of selective sites
The discussion above illustrates the ways in which the formalism derived
here covers the range of possibilities by which a protein/host might control
the thermodynamics of an ion binding event. The relative affinity of
different ions for a given medium or host (as in Eq. 3) may be approxi-
mately determined using computational and, in some cases, experimental
techniques, and the distribution of coordinated states (as in Eq. 5) provided
to an ion by a host can sometimes be modeled using computational tech-
niques such as MD simulation. However, simulating all possible media
and hosts for all possible ions is not necessarily the wisest way to go about
drawing generalizations pertaining to selective complexation. To more
generally understand the structural and/or chemical determinants of selec-
tivity, it can be instructive to consider simplified models of the environment
provided to an ion by a site within a hypothetical host. The framework
above allows one to objectively identify assumption(s) made by common
simplifications.
Perhaps the most pedagogical case pertaining to the determinants of selec-
tive complexation in the area of ion transport proteins is the rationale for the
observed preference for Kþ over Naþ displayed by the eightfold coordinated
construct we have come to know as a ‘‘canonical’’ Kþ channel cation binding
site. In the spirit of host-guest chemistry’s ‘‘hydration surrogate’’ rationale,
one simplified model considers that the site consists of a tight-fitting cage
of backbone carbonyl oxygen atoms that matches the hydration shell geo-
metry of Kþ, but is too large to interact as favorably with Naþ (70) (schemat-
ically shown in Fig. 2 A). If, for the sake of discussion, we take this simplified
model to its extreme (even though such an extreme interpretation may not
have been intended), then the model explains selective complexation of Kþ
by assuming something about the functional form of the distribution of coor-
dinated states provided forKþ andNaþ in both bulkwater (i.e.,PwaterK=Naðn;rnÞ, as
in Eq. S10) and the channel protein (i.e., Pprotein
K=Na ðn;rnÞ, as in Eq. 5). More
specifically, the model assumes that in bulk water, Kþ is coordinated by
a cage of water oxygen atoms preferring the configuration rnK, and that Na
þ
coordination is different in water by virtue of a smaller coordination radius
provided by the configuration rnNa (Fig. 2). Thus, the simplification illustrated
in Fig. 2 A assumes that the Kþ channel protein serves to enforce the coordi-
nated state (coordinationnumber and configurational density) of bulk-solvated
Kþ regardless of whether Kþ or Naþ is bound. In terms of probability density:PwaterK ðn;rnÞhPproteinK ðn;rnÞhPproteinNa ðn;rnÞ; such that
PproteinK=Na ¼ PCRK=Na ¼ dðn 8Þdðr1  r01Þ/dðr8  r08Þ :
(11)
Above, d is the Dirac delta function for the configurational degrees of
freedom or the Kronecker delta function (with modified notation) for the
discrete variable n. The set of vectors r0i represents the expected positions
of the ‘‘cage’’ of eight water molecules that coordinate Kþ in water or in
the canonical binding-site construct.
Another simplified model offers an alternative explanation (23,71,72) for
Kþ selectivity in which the carbonyl moieties of the selectivity filter are
described as ‘‘liquid-like’’ and ‘‘dynamic’’, resulting in an ablility to radially
adapt to (or collapse around) the bound cation, whether it is Naþ or Kþ. In
this model, since bulk aqueous solution and the filter both represent dynamic
and liquid-like environments, selective complexation of Kþ over Naþ is
attributed to the high field strength (large dipole moment) of carbonyl
moieties (comprising the Kþ-selective binding site) with respect to water
molecules (comprising the nonselective bulk solution). The model asserts
that upon replacement of water by carbonyl coordinators, selectivity arises
from the strong electrostatic repulsion between the carbonyl ligands of the
coordination sphere comprising the Naþ-bound complex (72) (Fig. 2 B).
If we interpret this illustrative model in terms of configurational probability
density, the protein channel provides the same generic liquid-like ensemble
for the coordinated ion as that provided by liquid water or an HCF of
carbonyl ligands, i.e., for an ion of type j (Kþ or Naþ):
Pwaterj ðn;rnÞhPcarbonylj ðn;rnÞhPproteinj ðn;rnÞ; such that
Pproteinj ¼ PCRj ¼ PCj ¼ dðn 8ÞrC; jð8j8Þðr8Þ;
(12)
where r
C; j
ð8j8Þ is the configurational probability density given eightfold coor-
dination in an HCF environment (see Eqs. A26 and A27). As such, the
ion complex adapts fluidly to either Kþ or Naþ. The key of this model is
the generic liquid-like configurational density, which has the same form for
a given ion whether the medium is a liquid (such as carbonyl HCF or liquid
water) or the protein. Only with this assumption of zero topological contri-
bution (Jjtop ¼ 0 from Eq. 9) can selective complexation of Kþ be due to the
electrostatic/chemical differences between water molecules and carbonyl
groups, and not the external field provided to the complex. This is because
the absence of topological control over the complex necessarily implies that
there is no correlation between the complex and the host (system remainder):
PCj ðn;rnÞhPCRj ðn;rnÞ5CnðxC/0Þh1 (Eqs. 4, 5, and S10). Without the
assumption, it may be shown that, for a given type of coordinator (e.g., water
or carbonyl), the free energy and the probability density of the system
enclosed in the subvolume, v (i.e., the complex), is uniquely determinedBiophysical Journal 96(11) 4470–4492
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remainder (Eq. 5) (24,28).
A third simplified model (Fig. 2 C) considers that although the site can
conform and adapt to either Kþ or Naþ, it is the external field of the
protein/host that is primarily responsible for the canonical binding site’s
Kþ selectivity. Such a model might minimally assume that the Kþ channel
protein serves only to organize an eightfold cationic complex around an ion
of type j (Kþ or Naþ):
Pwaterj ðn;rnÞsPcarbonylj ðn;rnÞsPproteinj ðn;rnÞ; such that
Pproteinj ¼ PCRj ¼ dðn 8ÞrC;jð8j8Þðr8Þ :
(13)
This minimalistic model makes use of the knowledge that without an
external field (topological control) from the protein, eightfold coordination
is preferred by neither Kþ nor Naþ, whether the coordinator is taken to be
a water molecule or a carbonyl moiety (24,26,28,68), in an ‘‘uncoupled’’
environment (i.e., there is no generic liquid behavior in the protein binding
site). With this knowledge, the notion that the site maintains eightfold coor-
dination and simultaneously behaves like a regular liquid is untenable. The
model does not prevent the ‘‘collapse’’ of the ligands to accommodate Kþ or
Naþ, nor does it assume that the configuration of the complex is uncorrelated
with the host (system remainder).
One may express the topological contribution to the free energy of
binding at this hypothetical site as (24)
JjtopðsiteÞ ¼ kBTln
"X
n
dðn 8ÞPCj ðnÞ
#
(14)
(the free energy to assemble the site in an uncoupled HCF (see Eq. S10 and
also Eq. 15)). And even though the selectivity of this simplified model has
been shown to be quantitatively different upon taking the HCF of the
uncoupled system to be composed of either water or carbonyl moieties,
computational studies suggest that both types of coordinator display a value
for DDJK/NaCR > 0 (of Eq. 10) that is in line with or exceeds what can be
expected from experimental measurements on Kþ channels (24,26–28).
Thus, imposing a coordination shell of eight water molecules or carbonyl
ligands around Kþ and Naþ irrespective of their positions, in an isotropic
field produced by surrounding HCF, is a sufficient (though not a necessary)
constraint on a complex to cause Kþ selectivity (24,26–28). It will be shown
that such a constraint on coordination number, in the absence of other
explicit constraints, actually carries an implicit control over the other config-
urational degrees of freedom of the complex (e.g., as manifested by the
preferred average coordination radius of a complex).
RESULTS
Correlated observables in ionic complexes
By virtue of the exact treatment of the structural and chemical
determinants of ionic complexation within a given host,
liquid, or gas environment, the standard observables tradition-
ally linked to ionic selectivity—configurational order param-
eters such as the cavity size of the complex or the coordination
number, and the chemical identity of the coordinators—are
generally correlated. Thus, although the pedagogical exam-
ples given, in the previous section, of simplified explanations
for Kþ selectivity exhibited by Kþ channels might at first
appear to treat these observable aspects separately, their seem-
ingly pointed assumptions can have broader implications.
It has been shown previously, using combinatorially opti-
mized spatial distribution functions for water around cations,Biophysical Journal 96(11) 4470–4492that a constraint on the coordination number of an ion in
liquid water also implies a particular coordination geometry
(24,26). As a further illustration of the correlation between
the number of coordinating ligands and the configurational
degrees of freedom for a given ion in either water or (for
cations) a carbonyl HCF, we show the average ion-oxygen
coordination radius (a common observable in coordination
chemistry (31,32,37)) observed as a function of the complex
coordination number in Fig. 3. We note here that the average
coordination radius within a complex is not equivalent to the
optimal coordination radius, normally defined as the first
maximum in the ion-oxygen pair correlation function (see
Supporting Material). The optimal hydration radius (coordi-
nation radius in liquid water) of an ion can be related to the
ion’s size or to its physical radius, which is normally very
close to the ion’s Pauling radius as derived from crystallo-
graphic data (37). For the simulated media, we observe in
Fig. 3 that the average coordination radius of each cation
or anion increases with the coordination number, and that
the optimal coordination radius agrees more closely with
the average coordination radius at lower (usually four- to
fivefold) coordination numbers. For cations, we note that
the correlation between coordination number and average
coordination radius is similar in water and a carbonyl HCF.
Further analysis of ions in these media suggests that
a correlation exists between average coordination number
and optimal ion coordination radius (related to effective
ion size) (Fig. 4 A). Generally, smaller ions prefer fewer
coordinating ligands and display less variability in the range
of coordination numbers sampled (Table 1). This leads to
a less compressible (more stiff) coordination shell for
smaller/harder ions compared to larger ones (Fig. 4 B). These
correlative trends imply complexation preferences that a host
might exploit to elicit selective ion binding at a site. As will
be seen in the discussion to follow, this implication is in no
way a statement that a host must serve as a structural fluid/
hydration surrogate for a particular ion to enforce selectivity
for that ion.
In fluid media (as in Figs. 3 and 4), a wide range of coor-
dination numbers may be sampled for a given ion, and the
correlation between coordination number and configura-
tional degrees of freedom indicate ionic preferences. In
contrast, for a very ‘‘stiff’’ host (or system remainder), there
can be a much larger thermodynamic penalty for removing
a ligand from the imposed ionic complex because of resultant
changes in the host’s topology. Such alterations can gener-
ally propagate configurational changes in the complex. Obvi-
ously, the correlation between an ion’s coordination
number and average coordination radius will be dependent
upon the host (system remainder), as stated in Eq. 5. Thus,
one cannot know a priori, without explicitly considering
the host (or system remainder), the exact dependence of
the optimal complex configuration, rn (as determined by
rCRðnjnÞðrnÞ (see Eq. A26)), on n. However, structural
evidence combined with statistical analysis of fluids
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strain internal to a complex, the design or molecular evolu-
tion of a host that favors a particular coordination number,
n, for its selected ion will also favor a particular optimal
configuration, rn, for the selected ion that coincides with
that derived from a suitably chosen uncoupled medium
(24,26,68).
Such observed agreement in optimal coordination structure
does not imply that the configurational distribution (Eq. 5) for
any given host may be derived from an uncoupled medium
(HCF (Eq. S10) or HCG (Eq. S12)) without any further infor-
mation about the host, itself. The correlation between coordi-
A
B
FIGURE 3 Correlation between the average ion-coordinator oxygen
distance and the number of ion coordinating ligands in SPC (52,53) water
(solid circles), AMOEBA (49,50) water (open circles), and an OPLS
carbonyl (56,102) model HCF (open diamonds) for different monovalent
cations (A) and for different monovalent anions in AMOEBA water (B).
(A) Vertical bars centered around the SPC water values designate the stan-
dard deviation of the sample. Regression lines are also plotted for the SPC
water data sets to serve as a guide for the eyes. Horizontal dotted lines indi-
cate the optimal coordination radius, Ropt, for each ion as derived from the
first maximum in the ion-oxygen pair correlation function in SPC water.
(B) Vertical bars centered around each value designate the standard devia-
tion of the sample. Regression lines are plotted for each data set to serve
as a guide for the eyes. Horizontal dotted lines indicate the optimal coordi-
nation radius, Ropt, for each ion as derived from the first maximum in each
ion-oxygen pair correlation function.nation number and the average coordination radius seen in
Fig. 3 is a direct result of the internal stress field of the
complex acting against an uncoupled HCF (24), and suggests
that one way a host might favor a larger cavity size for a com-
plexed ion is to increase the number of ligands forced to coor-
dinate the ion. Obviously, this is not the only way to favor
a particular cavity radius for an ionic binding site, but serves
as an example of how the number of coordinating ligands and
the configurational degrees of freedom of an uncoupled
complex are intimately related.
Modeling structural determinants of selective
ionic complexation
The identity of a given host will predetermine the distribution
of coordinated states available to an ion (Eq. 5). Thus, it is
A
B
FIGURE 4 Examples of coordination preferences for various ions in SPC
water (solid circles), AMOEBA water (open circles), and an OPLS carbonyl
model HCF (open diamonds). (A) Correlation between the average coordi-
nation number of a given ion and its optimal coordination radius, Ropt.
Regression lines are also plotted for cations and anions to serve as a guide
for the eyes. (B) Correlation between the compressibility of the first coordi-
nation shell of a given ion, cT (see Theoretical framework in Supporting
Material, Part V), and its optimal coordination radius, Ropt. Regression lines
serve as a guide for the eyes.Biophysical Journal 96(11) 4470–4492
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ation of any given host based on analysis of a host-uncoupled
environment. However, for a given type of coordinator, we
may explore the role of the host (or system remainder) as solely
controlling identifiable parameters within the coordinated state
of an ion.As such,we formulate ‘‘platonic’’models fromfluids
(i.e., HCF) based on standard structural order parameters used
by host-guest chemists that might serve as a basis for defining
the bounds of preferential complexation for a given ion under
a given set of structural constraints.
If we define a generalized structural order parameter for
a complex, lðn;rnÞ, an arbitrary function of the configura-
tional degrees of freedom, then, in a manner analogous to
that for the model described previously (Fig. 2 C and Eqs.
13 and 14), we may consider a platonic or minimalistic
model of a host whose design only serves to ‘‘organize’’
or ‘‘assemble’’ a particular type of coordinator (from an un-
coupled HCF) to form a complex around an ion of type j such
that lj is constrained to a particular state, l
0
j. The topological
contribution for such a site upon complexing with an ion of
type j may be formulated from Eqs. 5 and S10 as
JjtopðsiteÞ ¼ kBTln
	P
n
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¼ JjCRðsiteÞ  JjC
: (15)
Thus, such a model makes the important distinction between
a ‘‘liquid-like’’ environment for the ion (of type j) solvated in
an HCF (with free energy, JjC) and a topologically con-
strained environment (to state l0j) provided by a model host
(or system remainder) represented by an external field acting
on the complex.
Just as in Eq. 10, which treats an actual (indeterminate)
host, we may use Eq. 15 along with the definition of the
selective free energy (Eqs. 3 or 10) to obtain topological
and uncoupled components of selectivity for an ion of type
A over an ion of type B
DDJA/BCR ¼ DJA/Btop ðlA;lBÞ þ DDJA/BC ; (16)
where DJA/Btop ðlA;lBÞ is the portion of selectivity at the site
encoded in the hypothetical host; serving to constrain the
coordinated states of ions A and B at states lA and lB,
respectively. The above expression (and Eq. 10) is also
easily derivable from simple reaction diagrams (24,57) and
thermodynamic considerations. It is important to note the
assumptions in this model: if the host provides the constraint
corresponding to the free-energy cross section, lAhlBhl,
the topological contribution to the selectivity is simply the
difference in free energy to assemble state l around either
ion, and if the model host provides for a condition where
lAslB, then no more free energetic cost in the transforma-
tion lA/lB is incurred than would be provided by theBiophysical Journal 96(11) 4470–4492uncoupled HCF. Finally, we emphasize that the ‘‘topological
contribution’’ to ionic complexation, and therefore to ionic
selectivity, according to the definition outlined previously
(24,28,57,68) and in this work (as in Eqs. 8 and 15), is a ther-
modynamic quantity due to the coupling between an
abstracted complex and the host (system remainder). As
such, in general, topological control over the selectivity of
a complex is defined independently of the structural order
parameters (such as the complex’s coordination number,
average coordination radius, coordinator orientation, etc.)
that may be used to describe it.
We now consider examples of this sort of model put to use
to facilitate understanding of different structural determi-
nants that give rise to selectivity for exemplary biologically
relevant monovalent ions. First, we explore model hosts/
environments that provide a fixed constraint on the ion-coor-
dinated state independent of the ion type (i.e., lAhlBhl),
but are otherwise allowed to sample the configurational
space of an HCF. We then move on to consider model vari-
ants that provide an ion-dependent constraint on a given
order parameter of a complex (i.e., that allow complexation
where lAslB), but are otherwise allowed to sample the
configurational space of an HCF. The order parameters we
explore here are limited to the common choices—coordina-
tion number and average coordination radius. However in
principle, one may concoct an infinite range of order para-
meters over which to explore the selectivity imparted by
constraints placed on ionic complexation.
Environments that hold only coordination
number ﬁxed
Consider a model host similar to that depicted in Fig. 2 C and
Eqs. 13 and 14, which constrains only the coordination
number to nj for an ion of type j (i.e., lj ¼ nj, and the delta
function in Eq. 15 is taken as a Kronecker delta function),
irrespective of the configurational space available to the
complex in the HCF. Fig. 5 shows 1D selective free-energy
cross-sections (DDJA/BCR ðnA;nBÞ such that nAhnBhn for
ions of type A and B) derived from fluids for different ions
in such a model host.
Viewing the quasicomponent distributions (24,39,40)
from which these profiles were derived (Fig. 5, A and C)
makes the correlation between an ion’s size and the
compressibility of its first coordination shell (Table 1 and
Fig. 4 B) more tangible. The implication of this trend is
that larger (chemically softer) ions, preferring larger coordi-
nation numbers (Fig. 4 A), are better able to find a larger
range of coordination numbers favorable (compared to
smaller (chemically harder) ions). This result, and the
general ion-dependent shape of the quasicomponent distribu-
tions, is qualitatively independent of the specific fluid
medium sampled in this work (AMOEBA water, OPLS
carbonyl fluid, and SPC water; see Figs. 5 A and S1 A).
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FIGURE 5 Population analysis and resulting selective
free energy (kcal/mol) as a function of coordination number
(irrespective of the complex configuration) for various ions
in the simulated media. (A) Quasicomponent distribution
functions for small monovalent Family IA cations in water
(upper) and in a carbonyl HCF (lower). (B) Free energy of
selectivity for Naþ over Liþ (upper) and Kþ over Naþ
(lower) as a function of coordination number. The hori-
zontal dotted lines indicate DDJC, the contribution to the
selective free energy arising from uncoupled ligands.
By definition, this quantity has a value of zero for ions in
water and in an OPLS carbonyl HCF (lower),
DDJK/NaC ¼ 1:76 0:14 kcal/mol as calculated by thermo-
dynamic integration (24). (C) Quasicomponent distribution
functions in water for small monovalent Family VIIA
anions in water. (D) Free energy of selectivity for Cl
over F and Br over Cl. The horizontal dotted line indi-
cates DDJC.The associated selective free-energy mappings suggest
that in the absence of other constraints, approximately five-
fold coordination provides minimal selectivity for Naþ
over Liþ (or vice versa, Fig. 5 B, upper). Increasing the
coordination number, n, to 6 creates an environment that
is selective for Naþ over Liþ by more than 10-fold
(DDJNa/LiCR T 1.5 kcal/mol). Decreasing n to 3 or 4 causes
selectivity for Liþ over Naþ by anywhere from ~10-fold to
>100-fold (DDJNa/LiCR in the range of ~1.5–2.5 kcal/mol).
The DDJK/NaCR ðnÞ profile in Fig. 5 B, lower, was derived
from liquid water and an OPLS carbonyl fluid in the same
way as in previous work (24), and provides the same impli-
cation, namely, that a site providing solely five- or sixfold
coordination, in the absence of other constraints, provides
minimal selectivity for Kþ over Naþ (or vice versa).
Increasing n to 7 creates an environment that is selective
for Kþ over Naþ by anywhere from 10-fold to 100-fold
(~1.5–2.5 kcal/mol), depending on the type of coordinator.
Increasing n further, to 8 or larger, provides >100- to
1000-fold selectivity. This n dependence of Kþ selectivity
over Naþ is the same for the two tested coordinator types
(water molecules and carbonyl moieties) due to the similar
shape of these ions’ quasicomponent distribution in the
two different media (Fig. 5 A, upper and lower), and
Fig. S1 A). We note also, however, that the model carbonyl
moieties shift the selectivity slightly in favor of Kþ (by ~10-
fold) with respect to Naþ, overall, as shown previously (24),
due to a contribution from DDJK/NaC (though this shift may
be model-dependent (see Supporting Material)).
A similar profile showing DDJRb/KCR ðnÞ (Fig. S1 B)
suggests that <10-fold selectivity for Rbþ over Kþ (or vice
versa) can be achieved by a host that enforces solely the coor-
dination number (within the range of coordination numbers
accessible to this study). It is also seen that themodel carbonylligands used here, overall, have a very slight uncoupled selec-
tivity ðDDJRb/KC Þ for the larger Rbþ ion over Kþ.
The effect of constraining n on selectivity among small
monovalent Family VIIA anions is shown in Fig. 5 D. An
environment providing four to seven donors, in the absence
of other constraints, is seen to be (10-fold selective or
nonselective for Cl over Fl (or vice versa), whereas an
environment that enforces coordination by eight or more
donors is selective for Cl over F by T100-fold. The
DDJCl/FlCR ðnÞ profile takes a value of zero kcal/mol between
six- and sevenfold coordination. Between these coordina-
tion numbers, the hypothetical host shifts its preference
from F to Cl. Selectivity for Br over Cl is less sensi-
tive to a constraint on the coordination number. Approxi-
mately 10-fold or less selectivity is achieved for Br over
Cl, or vice versa, in a host that constrains solely the coor-
dination number to values within the range 4–12. The
DDJBr/ClCR ðnÞ profile takes a value of zero kcal/mol between
eight- and ninefold coordination. Between these coordina-
tion numbers, the hypothetical host shifts its preference
from Cl to Br.
Environments that hold only average coordination
radius ﬁxed
Now, let us consider a hypothetical host that, instead,
constrains solely the average coordination radius of a complex
(not to be confused with the coordination radius itself; see
Theoretical framework, Part V, and Fig. S3 in Supporting
Material), irrespective of the coordination number sampled
in an uncoupled HCF. This model differs from that of Fig. 2 A
in that although there is a type of constraint on the cavity size
provided to the ion, there is no constraint on the number of
coordinators in the complex or the particular way in whichBiophysical Journal 96(11) 4470–4492
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FIGURE 6 Population analysis and resulting selective
free energy (kcal/mol) as a function of average ion-oxygen
coordination radius (irrespective of the complex coordina-
tion number) for various ions in water. (A) Probability of at-
taining a particular average coordination radius for small
monovalent Family IA cations in water. The distributions
are reasonably approximated with Gaussian probability
models, except for that of Liþ, which displays multimodal-
ity due to the high correlation between the average coordi-
nation radius and the coordination number (see Fig. 3 A).
Thus, for Liþ, we show how the net distribution (open
circles) is largely accounted for by the four- and fivefold
coordinated states taken together. (B) Free energy of selec-
tivity for Naþ over Liþ (black curves) and Kþ over Naþ
(red curve) as a function of the average coordination radius.
The horizontal dotted line indicates DDJC, the contribution to the selective free energy arising from uncoupled ligands, which has a value of zero for ions in
water. (C) Probability of attaining a particular average coordination radius for small monovalent Family VIIA anions in water. (D) Free energy of selectivity for
Cl over F and Br over Cl as a function of the average coordination radius. The horizontal dotted line indicates DDJC.they yield the average ion-oxygen radial distance. Thus, the
delta function in Eq. 15, for an ion of type j, may be repre-
sented as dðRavg;j  R0avg;jÞ, where
Ravg ¼ 1
n
Xn
l¼ 1
rl; (17)
and rl represents the radial distance between the ion and the
lth ligand of an n-complex.
The probability distributions, PCðRavgÞ for small Family
IA and VIIA ions in AMOEBA water are shown in Fig. 6,
A and C. Distributions for cations obtained with the
AMOEBA water model (Fig. 6 A) are very similar to those
obtained with the SPC water model (Fig. S2 A) or an
OPLS carbonyl HCF (Fig. S2 B). In nearly all cases, the
distributions are modeled well by Gaussians. The exceptions
are the distributions for Liþ in water, which display multimo-
dality (Figs. 6 A and S2 A) due to the high correlation
between the average coordination radius and coordination
number (Fig. 3 A), and Naþ in the case of the carbonyl
HCF (Fig. S2 B), which displays significant skewness. The
multimodality in the Liþ distributions is largely accounted
for by four- and fivefold quasicomponents. Although the
Naþ distribution in carbonyl HCF may also possess multi-
modality, we did not pursue this issue.
The associated (cross-sectional) selective free-energy
mappings, DDJA/BCR ðRavgÞ (DDJA/BCR ðRavg;A;Ravg;BÞ such
that Ravg;AhRavg;BhRavg for ions of type A and B; see
Figs. 6, B and D, and S2 C), were seen to be qualitatively
independent of the fluid media from which they were derived
and show a steep and nearly linear dependence on Ravg (over
the range of Ravg investigated). Each DDJ
A/B
CR ðRavgÞ curve
takes on a value of zero somewhere in between the most
probable value of Ravg for ions A and B (Fig. 6).
The free-energy profile,DDJNa/LiCR ðRavgÞ, suggests that for
a host that enforces fourfold (Fig. 6 B, solid black curve) or
fivefold (Fig. 6 B, dotted black curve) coordination around
Liþ and no particular coordination number for Naþ, imposing
Ravgz2:12 2:15 A˚ yields ~10,000-fold selectivity or moreBiophysical Journal 96(11) 4470–4492(~6 kcal/mol) for Liþ over Naþ. A host that provides four-
or fivefold Liþ coordination can beT10,000-fold (~þ6 kcal/
mol) selective for Naþ (enforcing no particular coordination
number for Naþ) over Liþ if it provides a constraint of
Ravgz2:25 A˚ or Ravgz2:35 A˚, respectively.
A profile for Kþ selectivity over Naþ, DDJNa/LiCR ðRavgÞ
(Fig. 6 B, red curve), irrespective of the coordination
number, suggests that a host enforcingRavgz2:66 A˚ provides
minimal selectivity for either ion. Enforcing the condition
Ravgz 2:5 A˚, in the absence of other constraints, provides
>10,000-fold selectivity for Naþ over Kþ, and enforcing
the conditionRavgz2:8 A˚, in the absence of other constraints,
provides >10,000-fold selectivity for Kþ over Naþ.
Although a host may weakly control selectivity for Rbþ
over Kþ by tuning n (Fig. S1 B), a more effective control
arises from controlling Ravg (Fig. S2 C). A host enforcing
Ravgz2:95 A˚ provides minimal selectivity for either ion
(Fig. S2 C). Increasing Ravg to ~3.25 A˚ or greater provides
T100-fold selectivity for Rbþ over Kþ, and decreasing
Ravg to ~2.75 A˚ or less provides ~100-fold or more selec-
tivity for Kþ over Rbþ.
Fig. 6 D shows analogous selective free-energy profiles
for monovalent anions. The data for DDJCl/FCR ðRavgÞ suggest
that a host constraining Ravg to ~3.09 A˚ is minimally selec-
tive for Cl over F. Increasing Ravg to ~3.17 A˚ or higher
yields ~10,000-fold selectivity for Cl over F, and
decreasing Ravg to ~3.02 A˚ or lower yields a similar selec-
tivity for F over Cl. A DDJBr/ClCR ðRavgÞ profile suggests
that constraining Ravg to ~3.53 A˚ is minimally selective
for Br over Cl. Increasing Ravg to ~3.77 A˚ or higher
yields ~10,000-fold selectivity for Br over Cl, and
decreasing Ravg to ~3.27 A˚ or lower yields similar selectivity
for Cl over Br.
Environments that hold both coordination number
and average coordination radius ﬁxed
Examples of selectivity displayed by a hypothetical host that
constrains both the average coordination radius and the
Statistical Determinants of Ionic Selectivity 4481coordination number regardless of the type of ion bound
(represented by the following substitution in Eq. 15:
dðl l0Þ ¼ dðn n0ÞdðRavg  R0avgÞ, such that the host
provides a constraint corresponding to the free-energy cross
section, lAhlBhlh n;Ravgg

for ions of type A and B), are
shown in Fig. 7. These free-energy mappings for Kþ, Naþ,
and Liþ, derived from Gaussian probability models of data
from simulations in fluid environments (Figs. S4–S6), delin-
eate domains/phases in n;Ravgg

-space that are selective for
one ion over another. Given that it can be difficult to
‘‘encode’’ or ‘‘build in’’ the physical response of a host’s
coordination structure upon binding different ion types,
this sort of domain/phase mapping is, conceivably, the
most useful construct for selective ion binding site design
in proteins and ionophores. This is because (unlike the 1D
mappings in Figs. 5 and 6) it provides a target for tuning
both the coordination number and structure of a host’s
binding site. With this, the strategy for selecting a given
ion would be to reinforce a prescribed structure within the
appropriate n;Ravgg

domain.
Fig. 7 A, left and right, shows cross-sectional selective
mappings in n;Ravgg

-space delineating domains of coordi-
nation states that are selective for Kþ over Naþ when the
coordinating ligand is taken to be a water molecule ora carbonyl ligand, respectively. Again, we see (just as in
Figs. 5 B and S2, and mappings of previous work (24))
that although there are differences between the water- and
carbonyl-based maps, both ligands provide similar selective
domains for either cation. A mapping for Naþ selectivity
over Liþ derived from population analysis in liquid water
is also shown in Fig. 7 B.
Fig. 7, A and B, also shows n;Ravgg

-states provided by
the binding sites of several exemplary Kþ-, Naþ-, and Liþ-
selective compounds and transport protein structures (bound
to their selected ions) as determined from diffraction and
theoretical studies. In all cases, the selective-state space
mappings display the capability of distinguishing which
host should be naturally selective for a given ion. However,
we must note that placement of a given ionophore’s position
on an n;Ravgg

-map does not constitute a statement that the
ionophore strictly enforces the represented structure regard-
less of the type of ion bound (Kþ or Naþ for Fig. 7 A and
Naþ or Liþ for Fig. 7 B). Rather, it should be understood
that the coordinated states shown in Fig. 7 in principle corre-
spond to states of minimum strain within their respective
crystal/simulated environments, since they represent hosts
bound to the ions they are designed, whether artificially or
by molecular evolution, to select. Thus, the fact that theseFIGURE 7 Selective free-energy, DDJðn;RavgÞ (kcal/
mol), for monovalent cations in a hypothetical host that
serves solely to organize a site to form a fixed coordination
number and average coordination radius irrespective of
other degrees of freedom available to a coordinator in an
HCF. Positions corresponding to structures of exemplary
Kþ-selective (blue dots), Naþ-selective (red dots), and
Liþ-selective (black dots) ionophores/transporters bound
to their selected ions are also shown. The locations of the
exemplary sites on the map were determined from x-ray
structures from the Protein Data Bank in the case of trans-
port proteins (LeuT-Na1/Na2, 2a65, KcsA, and 1k4c) or
from the Cambridge Structural Database in the case of
ionophores ((2.1.1) Cryptand, SOCYIS; Lithospherand,
CAWREX; (2.2.1) Cryptand, WOKTIZ; Monensin,
BELDAX; Enniatin B, ENNBKI; (2.2.2) Cryptand, EWO-
CUO; and Nonactin, NONKCS), except for that of valino-
mycin, which was gleaned from a recent ab initio study
(68). Note that placement of the exemplary sites on the
above free-energymaps is intended to showstructural agree-
ment between naturally evolved selective sites and our free-
energy analysis, and is not intended to imply knowledge of
the behavior (i.e., changes in the variables n and Ravg) of the
sites upon complexing different ions. (A) Selectivity for Kþ
over Naþ in AMOEBA liquid water (left) and in an OPLS
carbonylHCF (right).Agreen line in eachmap (0.0) denotes
the contour for zero selectivity, which separates the Kþ-
selective (positive) and Naþ-selective (negative) domains.
Notice that although there are differences between the
shapes of the selective domains in these two fluids, both
are qualitatively similar and are able to distinguish between
the Naþ- and Kþ-selective compounds. (B) Selectivity for
Naþ over Liþ in AMOEBA liquid water. The 0.0 kcal/mol
contour (green line) separates the Naþ-selective (positive)
and Liþ-selective (negative) domains.Biophysical Journal 96(11) 4470–4492
4482 Bostick and BrooksFIGURE 8 Selective free-energy, DDJðnA; nBÞ (kcal/
mol), for monovalent cations in a hypothetical host that
serves solely to organize a site such that nA ligands coordi-
nate an ion of type A and nB ligands an ion of type B (irre-
spective of the complex configuration). (A) Selectivity for
Kþ over Naþ in AMOEBA liquid water (left) and in an
OPLS carbonyl HCF (right). The 0.0 kcal/mol contour
(green line) separates the Kþ-selective (positive) and
Naþ-selective (negative) domains. Also shown are average
structural environments provided by exemplary low-selec-
tive media, which are known not to enforce a particular
coordination radius for the selected ion (red star/dots,
NMA (liquid N-methylacetamide (OPLS)); H2O, liquid
water (AMOEBA); HCF, carbonyl fluid (OPLS); and
NaK-S3, site 3 of the NaK channel as determined by simu-
lation studies (72)) and the Kþ selective environment ex-
hibited by a canonical site in a Kþ channel (black dot,
KcsA, site 2 from the x-ray structure of PDB 1k4c or
from calculations (23,26,72)). We refer the reader to
Fig. 6 of Fowler et al. (76) for a similar, but more exhaus-
tive, characterization of selectivity and coordination
number in the binding sites of KcsA and NaK. (B) Selec-
tivity for Naþ over Liþ in AMOEBA liquid water. The
0.0 kcal/mol contour (green line) separates the Naþ-
selective (positive) and Liþ-selective (negative) domains.
The nonselective environment of liquid water (red star),
and the Naþ-selective environments provided by the
LeuT transporter sites Na1 and Na2 are shown (black
dots, from the x-ray structure of PDB 2a65 or from calcu-
lations (73)).states of minimum strain (for the represented hosts) show
correspondence with the cation selective domain mappings
of Fig. 7 demonstrates the underlying principle behind their
design, namely, that molecular evolution (and artificial
design) of a host exploits a generalized Hofmeister effect,
and strives to enforce an ensemble of coordinated states
that falls within the appropriate selective domain or phase.
Environments that allow ion-dependent
constraints on coordination number
Let us now consider a model host/environment (system
remainder) that constrains only the coordination number to
nj for an ion of type j, irrespective of the configurational
space sampled in an HCF, but does not enforce the condition
nAhnBhn for ions of types A and B. Recall, however, that
if the model host provides for a condition where nAsnB,
then no more free-energetic cost in the transformation
nA/nB is incurred than would be provided by the un-
coupled HCF. Fig. 8 shows 2D selective free-energy cross
sections, DDJA/BCR ðnA;nBÞ for the small monovalent cations:
Kþ, Naþ, and Liþ corresponding to such a host.
The left and right panels of Fig. 8 A show a (cross-
sectional) selective mapping in nK;nNagf -space delineating
the domain of coordinated states that are selective for Kþ
over Naþ when the coordinating ligand is taken to be a water
molecule or a carbonyl ligand, respectively. These mappingsBiophysical Journal 96(11) 4470–4492are recapitulative of previous work (24), and again, we see
(just as in Figs. 5 B, 7, and S2) that although there are differ-
ences between the water- and carbonyl-based maps (ficti-
tious carbonyl groups exhibiting slightly higher overall
selectivity by ~1–1.5 kcal/mol; see also Fig. 5 B), both model
ligands provide qualitatively similar selective domains for
either cation. A mapping for Naþ selectivity over Liþ
derived from population analysis in liquid water is also
shown in Fig. 8 B.
Fig. 8, A and B, also shows the ion-dependent (average)
coordination numbers provided by several different (fluid
and transport protein) environments as determined from
diffraction and theoretical/simulation studies (23,24,26,
72–76). Placement of these positions on the map does not
constitute a statement that the labeled medium does or
does not provide stiff enforcement over other degrees of
freedom within the provided complex (for example, stiff
enforcement of average coordination radius). Rather, it
should be understood that each coordinated state demarked
in Fig. 8 represents the selectivity that the labeled medium
would display in the absence of constraints on the complex
beyond enforcement of the condition nA;nBgf for A and B
with a given type of coordinator (for example, in the absence
of constraints on the average coordination radius).
In Fig. 8 A, we see that environments allowing for approxi-
mately sixfold coordination of Naþ (regardless of the coordi-
nation number, nK, provided for K
þ within the plotted
Statistical Determinants of Ionic Selectivity 4483A
B C
D
FIGURE 9 Selective free energy, DDJðRAavg;RBavgÞ (kcal/
mol), in hypothetical hosts that serve to organize a site
such that an average coordination radius RAavg is enforced
for a cation of type A and an average coordination radius
of RBavg for a cation of type B. (A) Selectivity for K
þ over
Naþ in AMOEBA water (left) and OPLS carbonyl HCF
(right), irrespective of the coordination number as sampled
in an uncoupled fluid. The 0.0 kcal/mol contour (green line)
in each plot separates the Kþ-selective (positive) and Naþ-
selective (negative) domains. Both carbonyl and water
yield qualitatively similar selective free-energy profiles.
Environments consistent with enforcement of a Naþ-adap-
ted cavity, Kþ-adapted cavity, and a host that allows cavity
relaxation are marked. (B and C) Selectivity for Kþ over
Naþ in AMOEBA liquid water given that (B) sixfold or
(C) eightfold coordination is enforced. The 0.0 kcal/mol
contour (green line) separates the Kþ-selective (positive)
and Naþ-selective (negative) domains. Kþ/Naþ-adapted
and relaxed cavity environments are marked. At eightfold
coordination, Kþ selectivity is enforced regardless of
whether the host enforces a radially Kþ-adapted cavity or
allows the cavity to radially relax in response to the ion
type. (D) Selectivity for Naþ over Liþ in AMOEBA water
irrespective of the coordination number sampled in a liquid.
The 0.0 kcal/mol contour (green line) separates the Naþ-
selective (positive) and Liþ-selective (negative) domains.
Environments consistent with enforcement of a radially
Liþ-adapted cavity, Naþ-adapted cavity, and a host that
allows cavity relaxation are marked.range), in the absence of other constraints, provide minimal
selectivity for Kþ over Naþ or vice versa (Fig. 8 A, red
demarcations, and (24,27,28,68,76)). In contrast, enforcing
eightfold coordination for Naþ, as depicted by the construct
of a canonical site in the Kþ-selective channel, KcsA
(regardless of the coordination number, nK, provided for
Kþ within the plotted range), provides selectivity for Kþ in
the range of ~3–6 kcal/mol (~100-fold to ~10,000-fold) in
the absence of constraints on other degrees of freedom.
Upon constraining the coordination number for Naþ to 9
or greater (and five- to ninefold coordination for Kþ), Kþ
selectivity over Naþ exceeds 10,000-fold.
Note, in the cross-sectional plot of Fig. 8 B, that there is
a stronger dependence of Naþ selectivity over Liþ on coor-
dination number. The contours successfully place the Naþ-
selective binding sites of the LeuT transporter in the Naþ
selective region. Strict enforcement of fivefold coordinationfor both Naþ and Liþ, such as that provided by site Na2 of
LeuT, in the absence of other constraints on the complex,
is sufficient to provide minimal (~0.5 kcal/mol) selectivity
for Naþ over Liþ. Recent calculations employing an atom-
istic model of LeuT reported slightly higher Naþ selectivity
for site Na2 (~0.7–1.5 kcal/mol), which indicates that the
protein likely exerts topological control over the stiffness
of the site that favors the larger coordination radius of Naþ
(73). According to Fig. 6 B (also Fig. 9 D), such control
over the average coordination radius, irrespective of the
coordination number, can indeed yield larger selectivity for
Naþ over Liþ. Strict enforcement of sixfold coordination
for both Naþ and Liþ, such as that provided by site Na1 of
LeuT, in the absence of other constraints, is seen to provide
~2.4–4 kcal/mol of selectivity in favor of Naþ. This is
substantially higher than calculations utilizing an atomistic
LeuT model, which report an upper bound of ~0.8 kcal/molBiophysical Journal 96(11) 4470–4492
4484 Bostick and Brooksfor site Na1 (73). One possible explanation for the dis-
crepancy is that the models in Figs. 5 B and 8 B utilize
neutral ligands, whereas one of the ligands in the actual Na1
binding site is a charged carboxylate of a bound Leu substrate.
According to trends suggested by the Hofmeister effect (4) or
by consideration of binding-site ‘‘field strength’’ (77–79), the
presence of a charged ligand can be expected to shift the selec-
tivity of the site in favor of the smaller, (electronically) harder,
and more kosmotropic (referring to the ion’s propensity to
strongly bind (or organize) its first coordination shell)
Liþ ion, which could result in a more neutral Naþ/Liþ affinity
(offsetting the larger Naþ affinity shown in Fig. 8 B).
Environments that allow ion-dependent
constraints on average coordination radius
Finally, we consider a model host (system remainder) that
constrains only the average coordination radius to Ravg,j for
an ion of type j, irrespective of the coordination number
sampled in anuncoupledHCF,but does not necessarily enforce
the condition Ravg;AhRavg;BhRavg for ions of type A and B.
Recall, however, that if themodel host provides for a condition
where Ravg;AsRavg;B, then no more free-energetic cost in the
transformation Ravg;A/Ravg;B is incurred than would be
provided by the uncoupled HCF. Fig. 9, A and D, shows 2D
selectivity cross sections, DDJA/BCR ðRavg;A;Ravg;BÞ, for the
small monovalent cations Kþ, Naþ, and Liþ corresponding
to such a host.
In Fig. 8 A, we demonstrated how enforcement by a host of
a coordination number of 7 ormore forNaþ is sufficient, in the
absence of other constraints, to cause selectivity for Kþ (over
Naþ).We see, fromFig. 9A (and Fig. 6B), that this constraint,
though it is sufficient, is not necessary for Kþ selectivity. The
cross-sectional plots of DDJK/NaCR ðRavg;K;Ravg;NaÞ in the
Fig. 9 A, right and left, show that whether the coordinator is
chosen to be a water molecule or a carbonyl moiety, a selec-
tivity of >5 kcal/mol (>1000-fold) for Kþ over Naþ is
achieved by a host that constrains only the average coordina-
tion radius (around both ions) to a Kþ-adapted size (~2.75–
2.9 A˚; see Fig. 6 A), but allows the site to sample coordination
number space in the same manner as in a HCF. The domain
mappings of Fig. 9 A also show that if a host were to enforce
a size consistent with an Naþ-adapted cavity (Ravg z 2.4–
2.55 A˚; see Fig. 6 A) for both ions (in the absence of other
constraints), then selectivity would be shifted in favor of Naþ
by ~5 kcal/mol or more (>1000-fold). An environment or
host that allows the average coordination radius to relax to
accommodate either ion’s (uncoupled) preferred value (see
Fig. 6 A) is seen to provide minimal selectivity for either ion.
To probe more intimately the implications of constraining
n and Ravg together, it can be useful to consider the 2D cross
sections, DDJK/NaCR ðRavg;K;Ravg;NajnÞ, which yield the selec-
tive free energy for a hypothetical host that constrains the
coordination number to nKhnNahn and the average coordi-
nation radius to Ravg;K and Ravg;Na for K
þ and Naþ, respec-Biophysical Journal 96(11) 4470–4492tively. Fig. 9, B and C, shows such cross sections, derived
from analysis of Kþ and Naþ in liquid water, for the
constraints nh6 and nh8, respectively.
The map of DDJK/NaCR ðRavg;K;Ravg;Najnh6Þ in
Fig. 9 B is seen to be very similar to the map of
DDJK/NaCR ðRavg;K;Ravg;NaÞ in Fig. 9 A. This demonstrates
that topological enforcement of either a Kþ- or Naþ-adapted
cavity while simultaneously enforcing sixfold coordination
will yield selectivity for these respective ions. On one
hand, in agreement with the DDJK/NaCR ðnK;nNaÞ maps of
Fig. 8 A (and of previous work (24,26,27)), a host that allows
cavity relaxation (to the extent seen in a HCF) while topolog-
ically enforcing sixfold coordination yields minimal selec-
tivity for either ion. On the other hand, the map of
DDJK/NaCR ðRavg;K; Ravg;Najnh8Þ in Fig. 9 C is different from
those of Fig. 9, A and B, in an important way. This map shows
also that a host fostering eightfold coordination while also en-
forcing either a Kþ- or Naþ-adapted cavity will yield selec-
tivity for these respective ions. However, in agreement with
the map of Fig. 8 A (and with previous work (24,26,27)), if
such a host were to allow cavity relaxation (to the extent
seen in a HCF) while enforcing eightfold coordination, it
would retain Kþ selectivity over Naþ. This type of control
over selectivity exploits the correlation between the pre-
ferred average coordination radius and coordination number
(Fig. 3 A).
Fig. 9 D shows the cross-sectional map
DDJNa/LiCR ðRavg;Na;Ravg;LiÞ derived from analysis of Naþ
and Liþ in liquid water. This map demonstrates that in the
absence of constraints on coordination number, a host
that enforces either a Naþ- or Liþ-adapted cavity
(Ravgz 2.0–2.15 A˚; Fig. 6 A) will yield selectivity for these
respective ions. However, a hypothetical host that allows
relaxation in either n or Ravg provides the same amount of
selectivity as the uncoupled HCF medium (i.e., in the case
of water, this implies nonselectivity). Thus, it is clear that
one way a fivefold site, such as site Na2 of LeuT (as depicted
in Fig. 8 B), can supply substantial Naþ selectivity over Liþ
is to place control on the cavity radius allowed to either of
these ions. Obviously, the extent of such control, by virtue
of Eq. 5, depends upon the host.
DISCUSSION
The theoretical framework we present here and elsewhere
(24,57), by simpler means, provides a statistical thermody-
namic basis for deconstructing the selective free energy of
ionic complexation (of ion A over ion B, DDJA/BCR ) within
a host into a contribution from the uncoupled properties of
a given ligand type ðDDJA/BC Þ and a contribution from
imposing the host’s topology (system remainder, DJA/Btop ;
see Eqs. 10 and 16). This framework has been applied
toward the analysis of ‘‘uncoupled’’ fluid-solvated ions (by
means of Eq. 16) to develop platonic model binding sites
in which the effects of particular structural elements, in the
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energy, may be isolated and probed.
Without considering this coupling between complex and
system remainder, it can be difficult to discern the physical
and chemical elements leading to the ionic selectivity dis-
played by a given host. For example, it has been asserted
recently (73) that the terminology we label ‘‘topological
control’’ over selectivity refers solely to a constraint on coor-
dination number, and that the formulations of Eqs. 10 and
16, derived previously by simpler means (24,57), cannot
account for so-called ‘‘snug-fit’’ selectivity mechanisms—
i.e., stiff enforcement of coordination radius by a host. The
selective mappings of Figs. 6, 7, 9, and S2 provide tangible
counterexamples to such assertions. Moreover, considering
the logic leading to Eqs. 10 and 16 will lead one to under-
stand that DJtop, resulting from coupling the host (system
remainder) to an ionic complex considered as an open
system described by the probability density of Eq. 5, is
due to forces applied to the complex by the host or system
remainder (regardless of what structural features such forces
imply—stiff enforcement of cavity radius, modulation of
coordination number, ligand orientation, etc.). Imposing
(coupling) this external field enforces a preference (or lack
thereof) for a given ion (24,28). To avoid confusion, one
should be wary that ‘‘topological control’’ over the selec-
tivity of a complex not be confused with the structural order
parameters that may be used to describe it.
The platonic models probed in this work were constructed
from analysis of liquid water and a hypothetical fluid of
carbonyl coordinators. By virtue of Eqs. 10 or 16, it is obvious
that the selective phase mappings provided by these models
will be dependent upon such choices in the uncoupled state
(i.e., on the chemical identity of the coordinating ligands).
Although the framework we have presented can, in theory,
be used to account for any type of ligand, and can be general-
ized to account for the diverse ‘‘hybrid’’ coordinative environ-
ments seen in nature’s evolved ionic binding sites (29) (i.e.,
binding sites comprised of ligands of varying chemical
type—charged, dipolar, etc.), practical extensions of our
platonic selective domain analyses to address such diversity
are outside the scope of this work. Despite the demonstrative
nature of the selective domain/phase mappings for neutral
ligands provided here, with discretion, onemay apply the find-
ings derived from them (Figs. 5–9, S1, and S2) to shed light on
the physical determinants of selectivity in ion transport
proteins and ionophoric compounds.
A survey of natural selective environments
For pedagogical purposes, we begin the discussion of the
implications of our results for Kþ channel selectivity or,
rather, the construct we have come to know as a canonical
Kþ channel binding site. As outlined in Fig. 2 and the related
discussion, explanations for the selective mechanism of such
a site have fallen into two categories, the first (70) assuminga rigid binding site adapted to the size of Kþ that does not
‘‘collapse’’ to cradle Naþ (as in Fig. 2 A), and the second
(23–27,29,72,80) assuming that the binding site is nonrigid,
but ‘‘conform(s) more favorably to an ion of a particular
size’’ (i.e., conforms more favorably to Kþ than Naþ, as in
Fig. 2, B and C) (29). The selective free energy mappings of
this work suggest that a model host providing a topological
constraint on the coordination radius such that the binding
site is rigidly adapted to the size of Kþ is sufficient, but not
necessary, to provide Kþ selectivity over Naþ. This is seen
to be the case whether the model host allows the binding
site to sample coordination number space (n space) in a
manner consistent with an uncoupled fluid (see Figs. 6 B,
9 A (Kþ-adapted region), or S2), or, additionally, constrains
the coordination number to 8 (Figs. 7 A or the Kþ-adapted
region of Fig. 9 C). The selective free energies yielded by
these models are consistent with or exceed values expected
from electrophysiological measurements on ‘‘maxi-’’ type
Kþ channels or KcsA (81–84). Thus, themechanism depicted
by Fig. 2 A (or Eq. 11) is a viable way in which a host might
selectively bind Kþ over Naþ. However, modeling studies
(23,26,72,76,80) have provided data suggesting that the
canonical Kþ channel binding site, although it can maintain
eightfold coordination of the bound ion, does not prevent
radial accommodation of Naþ.
The mechanisms depicted in Figs. 2, B (Eq. 12) and C
(Eq. 13), provide two different possible explanations for
both Kþ selectivity (over Naþ) of the canonical Kþ channel
binding site and the notion that the site’s cavity relaxes in
response to the binding of either Kþ or Naþ. The selective
domain mappings of Figs. 5 B, lower, and 8 A demonstrate,
as in previous work (24,26–28), that constraining the coordi-
nation number, n, of a complex to values >6, in the absence
of other constraints, is sufficient, but not necessary, to cause
Kþ selectivity over Naþ that is in line with values inferred
from electrophysiological measurements in a variety of Kþ
channels (81–84). Further, constraining n to a value of 8 in
the same manner as a canonical Kþ channel binding site
(23,72,75) or larger is sufficient, but not necessary, to cause
Kþ selectivity of >100- to 1000-fold. This result is seen to
hold whether the coordinator is taken to be a carbonyl ligand
(Figs. 5 B, lower, red curve, and 8 A, right)) or a water mole-
cule (Figs. 5 B, lower, black curve, and 8 A, left)).
Thus, although the fictitious carbonyl moieties used here
are shown to slightly favor Kþ over Naþ, the positive selec-
tivity of an eightfold Kþ channel binding is not a unique prop-
erty of generically liquid carbonyl ligands as depicted by the
‘‘field-strength/carbonyl-repulsion’’ mechanism of Fig. 2 B.
Numerous analyses (24,26–28,80) have demonstrated that
the canonical Kþ channel binding site does not behave like
a liquid, and that when constraints enforcing eightfold coordi-
nation are removed, lower coordination numbers result, and
selectivity for Kþ is minimal (24,26–28). Such control over
the coordination number derives from the protein channel,
which provides ‘‘complementarity’’ (80) forKþ, and has beenBiophysical Journal 96(11) 4470–4492
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activation (26,68). This form of control (Fig. 2 C) exploits
correlation between coordination number and preferred coor-
dination radius (Figs. 3 and 4) to provide thermodynamic cost
upon coordinating the smallerNaþ ion. Fig. 9 summarizes this
idea. In the absence of any constraint on the coordination
number (Fig. 9 A), a host providing minimal thermodynamic
cost upon cavity relaxation to suit the coordination radius of
either Kþ or Naþ (as in a fluid) provides minimal Kþ selec-
tivity. A host enforcing sixfold coordination (Fig. 9 B), and
allowing cavity relaxation without thermodynamic penalty,
again provides minimal selectivity. However, a constrained
eightfold coordinated complex (Fig. 9 C) provides a different
selective map than that of a complex that allows the coordina-
tion number to fluctuate in a ‘‘liquidlike’’manner (Fig. 9A). A
host that enforces such an eightfold constraint is seen to be
selective forKþ regardless ofwhether or not the cavity relaxes
to suit Kþ/Naþ.
Contrariwise, the recently characterized Naþ- and Kþ-con-
ducting NaK channel (85) is an example of a channel that has
been suggested to lack explicit enforcement of a cavity radius
and to allow substantial hydration of a bound Naþ or Kþ ion
(72,76). Allowance of excess hydration within a site of this
channel has been seen to result in approximately eightfold
coordination of Kþ, and relaxation to approximately sixfold
coordination of Naþ. This and previous (24,26,28,68,76)
analyses suggest that, whether the coordinators are purely
water molecules or carbonyl moieties, such an environment
will be minimally selective for Kþ/Naþ (Fig. 8 A).
One should not construe the mechanism of Fig. 2 C as
implying that the chemical nature of a binding site’s coordi-
nating ligands is of no consequence. By virtue of Eqs. 10
and 16, such inferences would be analytically incorrect.
Also, although it is clear that the Kþ channel’s molecular
evolution has exploited the coordination preferences of Kþ
to provide its selectivity, one should not construe the mecha-
nism of Fig. 2 C as equivalent to hydration ‘‘mimicry’’ as
a generalized selectivity mechanism. Such an extrapolation
was presented in a recent work (73), where it was asserted
that the notion of ‘‘topological control’’ would dictate that if
enforcement of eightfold coordination (a coordination
number putatively close to the average hydration number
of Kþ) is selective for Kþ, then inversely, enforcement of
fivefold coordination (a coordination number putatively
close to the average hydration number of Naþ) should be
selective for Naþ. First, the statistical thermodynamic defini-
tion of ‘‘topological control’’ presented here and elsewhere
(24,26–28,68) does not necessarily have anything to do
with the notion of ‘‘hydrationmimicry’’. Second, our analysis
(Figs. 5 B and 8 A) and those of others (24,26–28,68) show
that sole enforcement of five- to sixfold coordination is
minimally Kþ/Naþ selective.
We may, in addition (see(Figs. 6 B, 7 A, or 9, A or B),
a reflection of the basis of Kþ selectivity in hosts such as
valinomycin (68,77) or of Naþ selectivity in recently charac-Biophysical Journal 96(11) 4470–4492terized Naþ-driven secondary transporters (73,86,87). These
species are known to provide stiff cavity enforcement adapted
to their selected ions in cases that override the effect of sole
control over coordination number. For example, (Kþ-selec-
tive) valinomycin, which provides a coordination number of
6 for either Kþ or Naþ, would be nonselective for Kþ (based
on sole control over n; Fig. 5 B) were it not for a stiff control
over coordination radius (Figs. 6 B or 9 B). Likewise, (Naþ-
selective) monensin, enniatin B, or sites Na1 and Na2 of
LeuT (Fig. 7) provide five- to sixfold coordination of Kþ or
Naþ, and would be minimally or nonselective for Naþ were
it not for an analogous stiff control over cavity size (Figs. 6 B
or 9 B). In addition, the structurally characterized Naþ-driven
secondary transporters are known to carry mild selectivity at
their sites for Naþ over Liþ (73,86,87). One may glean from
our selective domain mappings that by virtue of coordination
number alone, the five- and sixfold ion binding sites of LeuT
would be able to select Naþ over Liþ (Figs. 5 B and 8 B).
Further constraints on the cavity size by the host can enhance
such selectivity (Figs. 6 B, 7 B, and 9D). Although our model
may predict an excessive selectivity for Naþ over Liþ in the
sixfold site, Na1 of LeuT, this may be due to the fact that
the mappings we provide here were constructed for neutral
ligands. The actual site, Na1, contains a charged leucine
amino acid that, according to trends suggested by field
strength considerations or the Hofmeister effect (4,77–79),
could shift the Naþ selectivity seen here (e.g., Fig. 7 B) to
milder values.
Finally, we discuss the implications of our selective
mappings for the family of ClC transport proteins. Structural
knowledge is available for this set of proteins via x-ray
diffraction studies on prokaryotic Cl/Hþ exchange trans-
porters (88,89). Although prokaryotic homologs of these
transporters may manifest themselves as either diffusive
Cl channels or Cl/Hþ exchange transporters, it seems
apparent that their conduction mechanisms are related
(90–92). Such a relationship provides some difficulty in
clearly identifying the source of Cl selectivity, because of
its very tight coupling with protonation of negatively charged
residues in these transporters’ selectivity filters. And even
though selective flow of particular anions is not as much of
a physiological necessity as selective flow of particular
cations, the subset of ClC channels does show definite perme-
ability sequences (93). MD simulations of the structurally
characterized prokaryotic antiporters have suggested that
Cl in the selectivity filter accepts hydrogen bonds from
neutral moieties (O-H and N-H groups) of the protein and
water molecules (90,94,95). The coordination number for
bound Cl at the most central site in the ClC selectivity filter
(so-called site Scen) appears to be controlled at ~6–7 in total,
which, according to Fig. 5 D, would allow for minimal selec-
tivity in favor of Cl over Br, but renders selectivity for Cl
over the smaller F unclear. Thus, to enforce Cl selectivity
over other anions to the mild extent observed in the ClC
family (93), the protein will need to provide some level of
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Fig. 6 D, to favor a Cl adapted cavity.
In the future, extensions of this type of analysis, in combi-
nation with its underlying concepts, may help us to under-
stand more complicated selectivity mechanisms. For
example, Naþ/Kþ-ATPase and Ca2þ-ATPase, according to
recent structural data (96,97), illustrate of how chemically
very similar binding pockets can display selectivity for a
variety of mono- and divalent cations (i.e., Naþ, Kþ, and
Ca2þ), depending on the structure of the topologically en-
forced coordination environment. Such dependence implies
that selective mappings analogous to those we present here
might provide insight into the underlying elements of alter-
nating access mechanisms (98) that utilize conformational
changes within a single binding pocket to enforce binding
or dissociation of a given ion type.
Active and passive transport proteins will likely have
evolved to use different strategies for enforcing selective
environments, since they must operate in different ways. To
allow fast permeation, a passive channel must not bind its
selected ion too tightly, but the selectivity filter must still
provide an environment where the selected ion can compete
successfully with the ‘‘wrong’’ ion. The selectivity mecha-
nism in a canonical Kþ channel binding site, for example,
satisfies this need. However, transporters such as pumps or
secondary transporters can require significant conformational
changes to make use of alternating access mechanisms. Thus,
they may make use of very strict control over the conforma-
tion of their ionic binding sites to cause maximum selectivity
for the desired ion, regardless of binding affinity, upon its
recruitment from one side of the membrane, and to cause
minimal affinity for the same ion upon changing conforma-
tion to allow its release to the other side of the membrane.
As the availability of structural information increases for
ion transport proteins, it will be necessary to augment the
treatment developed here. For example, the mechanisms of
selectivity for Ca2þ- and Mg2þ-specific transport proteins,
for which there is growing structural information (29,63,
99,100), will require special attention due to the hardness or
kosmotropic nature of small divalent ions. Recent develop-
ment of sophisticated models for treating such ions (49,101)
may be of use in such an endeavor.
CONCLUSION
A unified conception of the ionic complexation event can
provide broad utility in understanding the molecular evolu-
tion of selective channels/transporters as well as in guiding
their modification and design. In our aim to provide a frame-
work for understanding the statistical determinants of ionic
complexation in a host, we have recast a very old idea
in liquid structure theory known as the ‘‘mixture model’’
approach (39,40) in terms of a so-called ‘‘small-system’’
grand canonical ensemble (41,42,64,65). What results is a
picture of the ionic complex conceived as an ion-centeredsystem of coordinators the size of the central ion’s first coor-
dination shell and acting under the influence of an external
potential provided by the host or system remainder. The
system is open, allowing the exchange of coordinators with
the exterior and the first coordination shell under its own
influence and the influence of the external potential. As
such, the properties of the system are determined not only
by the chemical properties of the central ion and surrounding
coordinators, but also, in a unique way, by the external
potential provided by the system’s surrounding environment.
The construct of a fluid under the influence of an external
field is not a new one. It has been used extensively in the
treatment of the stress field and interfacial properties of
simple fluids (44,45). From such developments, one is able
to draw a distinction between the free energy of a fluid,
uncoupled from the external field that would be imposed
by a host, and the free energy that is due to imposition of
the external field. In terms of the development we provide
here, the external field represents correlation of the host, or
system remainder, with the ligands that are available to coor-
dinate the central ion. This correlation serves to control the
ensemble of coordination numbers and the other configura-
tional degrees of freedom available to the complex.
With the distinction between the uncoupled contribution,
JC, of a chemical type of coordinator and the topological
contribution, Jtop, to the free energy of forming a complex
around an ion (see Eq. 9 or Bostick and Brooks (24)), one
may break the host’s selective free energy for binding one
ion (ion A) over another (ion B) into two contributions (see
Eq. 10 or Bostick and Brooks (24))—one uncoupled,
DDJA/BC , and another topological,DJ
A/B
top (Eq. 10). Whether
by artificial or evolutionary means, a selective ion transport
protein or ionophoric ligand possesses a molecular design
such that a particular ion is favored.Given this, itmay be estab-
lished that themolecular evolution of a host must serve to opti-
mize the external field (see Eq. 5) or correlation (see Eq. 4) that
results in the topological contribution, DJA/Btop , such that one
ion (say, ion A) is favored over another (say, ion B). The
discrepancy in favorability must provide a free-energy differ-
ence at the host’s site such that the relative free energy between
the two ions in the surrounding solvent medium (usually bulk
water) is offset (Eqs. 3, 10, or 16). This simple idea of exploi-
tation, by the host, of the local environmental preferences of
ions to effect selectivity for a particular ion may be considered
exploitation of a generalized Hofmeister effect (1–5,46,47).
Thus, it may be said that the molecular evolution of ion-selec-
tive proteins serves as a learning process whereby the coordi-
native preferences of the candidate ions (ions that are either
selected for or discriminated against) serve as the ultimate
principle of molecular design.
No theoretical framework or model can provide a ‘‘silver
bullet’’, whereby the selectivity of any given ion in any given
host may be predicted, because such a notion would require
a priori knowledge of the topological control (‘‘external
field’’) exerted by the host. However, using the frameworkBiophysical Journal 96(11) 4470–4492
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from systems comprised of ions in uncoupled media that
make it possible to probe the selective effect of isolating
and constraining plausibly relevant order parameters of an
ionic complex (e.g., coordinator orientation, coordination
radius, coordination number, radius of gyration of the
complex, etc.) in a particular way. These platonic models
lead to selective domain maps (or phase diagrams) that aid
in understanding the determinants of selectivity in naturally
occurring and synthetic hosts of known structure. The domain
maps and framework presented in this work might be
augmented to treat a broader range of ligand types and
‘‘hybrid’’ coordinative environments employing ligands of
varying chemical identity. Such an extension would allow
for a general and more explicit formulation of current knowl-
edge pertaining to the relationship between the Hofmeister
effect and charge-density-dependent ion-ligand pairing
preferences (4). Nonetheless, as they stand, the developments
of this work provide the constructs and methodology for
systematically understanding the chemical and structural
determinants of selective ionic complexation. Within this
systematization lies an incisive means toward understanding
how to modify and/or design the coordinative environments
provided by proteins (whether globular or involved in
membrane transport) and ionophoric compounds to yield
selectivity for a desired ion.
APPENDIX A: SMALL-SYSTEM GRAND
ENSEMBLE: ION COMPLEXATION IN A HOST
It will be useful to define the canonical partition function for an ion-host
system (Fig. 1, upper) in terms of the configuration integral ðZN ¼ ZÞ
defined in Eq. 1:
QN ¼ q
N
C~qR
N!VN
ZN: (A1)
The quantity qC is the partition function of a single coordinator, and ~qR is the
analogous term for the remainder of the system. The tilde indicates division
by the system volume raised to the ‘‘appropriate’’ power.
The implication of Eq. 4 is that the system configurational density func-
tion, rðrN ;RÞ ¼ exp½bUðrN ;RÞ =ZN , may be recast as
r

rN;R
 ¼ eb½Un þUNn þUR þUCRs ðxC;xRÞ
ZNðxc;xRÞ
; (A2)
where we have written (no assumption of pairwise additivity is required
(41,42)),
U ¼ UnðrnÞ þ UNn

rNn
 þ URðRÞ
þ UCRs

rn;rNn;R;xC;xR

: (A3)
The energy, Un, encodes the interactions among the ion and n coordinators,
UNn those among the N  n remaining ligands, and UR those among the
remainder of the system; UCRs is termed an ‘‘interfacial’’ energy (41). The
superscript ‘‘CR’’ is meant to imply xR ¼ xC ¼ 1. Since UCRs is directly
related to the correlation function, Cn, in Eq. 4, it represents an external field
that couples the interactions between the ion and n coordinators within v to
rest of the system. Note that UCRs is the only component of the energy that
Biophysical Journal 96(11) 4470–4492depends upon the coupling parameters, xR and xC, defined in Eq. 4. Hence-
forth, when xR and xC are not explicitly written as arguments, the reader may
assume xR ¼ xC ¼ 1. Any discussion where a coupling parameter takes on
a value other than unity will explicitly state so.
Now, we may write the probability that exactly n coordinators bind the
ion as
PCRðnÞ ¼

N
n
Z
V
drNdRr

rN;R

dc;n; (A4)
where dc;n is the Kronecker delta function, which takes on a value of unity if
c ¼ n, and zero otherwise. The superscript ‘‘CR’’ is meant to imply
xR ¼ xC ¼ 1. The coordination number, c, for a particular coordinator
configuration, rN, is given by
c ¼ crN ¼ XN
i¼ 1
Hðjrij  rcÞ; (A5)
where H is the unit step function,
HðyÞ ¼ 1 if y%0
0 otherwise
:


(A6)
The combinatorial factor comes about to account for the number of ways we
might choose n out of N indistinguishable coordinator molecules to occupy
the subvolume, v. It is arguable that one coordinator on a protein might be
distinguishable from another by virtue of the fact that it is covalently bonded
to a particular residue in the sequence. Note, however, that upon the
exchange of, for example, a carbonyl group (coordinator) on the backbone
of residue A with a carbonyl group (coordinator) on the backbone of residue
B, the chemical identity of the protein will remain the same. Thus, the
combinatorial factor is necessary. The delta function in the integrand of
Eq. A4 implies that
PCRðnÞ ¼

N
n
Z
v
drn
Z
VC
drNn
Z
V
dRr

rN;R

; (A7)
since the integrand, rdc;n, takes on a value of zero when jrij > rc (or where
V˛VC) for all values of i from 1 to n and when jrij < rc (or where V˛v) for
all values of i from n þ 1 to N.
When xR/0 and xC/0, we have U
CR
s /0 (equivalently, the correlation
function CnðxC;xRÞ/1), and
r

rN;R;xC ¼ 0;xR ¼ 0
 ¼ rnrNnrR; (A8)
where
rn ¼
ebUnR
v
drnebUn
¼ e
bUn
Z0n
;
rNn ¼
ebUNnR
VC
drNnebUNn
¼ e
bUNn
Z0Nn
; and
rR ¼
ebURR
V
dRebUR
¼ e
bUR
Z0R
:
ðA9Þ
The superscript ‘‘0’’ on the configuration integrals Z0n ; Z
0
Nn; and Z
0
R, is
redundant notation to emphasize the fact that they represent uncoupled,
independent systems. Thus,
r

rN;R
 ¼

Z0nrn

Z0NnrNn

Z0RrR

ebU
CR
s
ZN
: (A10)
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A2 by a ‘‘judicious’’ 1. If we substitute the probability density of Eq. A10
into Eq. A7, we have
PCRðnÞ ¼

Z0n
n!

Z0Nn
ðN  nÞ!

N!
ZN

Z0R

Z
v
drnrn
Z
VC
drNnrNn
Z
V
dRrRe
bUCRs :
(A11)
The above integrand represents the weighted average,D
ebU
CR
s
E
0
¼
Z
v
drnrn
Z
VC
drNnrNn
Z
V
dRrRe
bUCRs : (A12)
Reiss and Merry (41) define an ‘‘interfacial free energy’’ or surface free
energy,
3CRn ¼ 4pr2cgn ¼ kBTln
D
ebU
CR
s
E
0
; (A13)
where gn is a surface tension or surface free energy density. This quantity is
the free energy of interaction between the n-fold coordination complex (ion
plus coordinators) inside v and the coordinators outside the subvolume plus
the remaining degrees of freedom in the system.
If we substitute the definition of QN (Eq. A1) and the identities
Q0n h
qnCZ
0
n
n!vn
; Q0Nn h
qNnC Z
0
Nn
ðN  nÞ!ðV  vÞNn;
and Q0R h Z
0
R~qR
(A14)
into the prefactor of the integral in Eq. A11, we obtain
PCRðnÞ ¼
"
vnðV  vÞNn
VN
#
Q0RQ
0
NnQ
0
n
QN
eb3
CR
n : (A15)
Above, the product Q0nQ
0
NnQ
0
R is the partition function for the uncoupled
system (when xR/0 and xC/0). The quantity, Q
0
n is the partition function
for the n coordinators interacting with the ion in v,Q0Nn is the partition func-
tion for the N  n coordinators in VC ¼ V  v, and Q0R is the partition func-
tion for the remainder of the system in V.
If the subvolume, v, is small in comparison to the macroscopic volume, V,
then V  vzV, and upon inserting the definition of the Helmholtz free
energy for the ratio, Q0NnQ
0
R=QN , we obtain
PCRðnÞ ¼ ðv=VÞnQ0neb3
CR
n eb½A
0ðNn;VvÞþA0
R
AðN;VÞ: (A16)
Again, the ‘‘0’’ superscript indicates a fully ‘‘uncoupled’’ state.
A0ðN  n;V  vÞ and A0R are the free energies of N n uncoupled coordina-
tors in the complementary volume, VC, and of the uncoupled system
remainder, respectively. Note that A0R does not depend on v or on n.
AðN;VÞ is the free energy of the entire, fully coupled system.
To understand the free-energy component (let us call it ‘‘u’’) in the
brackets ‘‘[.]’’ of the exponential in Eq. A16, we may begin by adding
a ‘‘judicious’’ zero to A0ðN  n;V  vÞ:
A0ðNn;VvÞ ¼ A0ðN  n;V vÞ A0ðN;VvÞ
þA0ðN;V  vÞ
¼ nm0 þ A0ðN;V  vÞ;
(A17)
where m0 is the chemical potential, or free energy, to insert a single free coor-
dinator ‘‘molecule’’ (uncoupled from the entire system except the other
coordinators within VC) into a fluid of free coordinator molecules occupying
the complementary volume VC ¼ V  v. Thus, the free energy in the expo-
nential of Eq. A16 becomes
u ¼ nm0 þ A0ðN;V  vÞ þ A0R  AðN;VÞ: (A18)
Adding another ‘‘judicious’’ zero, we obtain
where we have associated specific terms (in braces ‘‘ /gf ’’) with particular
elements of the process of ‘‘assembling’’ the ion binding site. For clarity,
allow us to reexpress these elements of free energy more completely, and
in a logical order within the context of Eq. A16.
1. DAðN;V/VCÞ ¼ fcavity ¼
Rrc
0
ðvAðrÞvr Þdr is due to opening a cavity around the
ion of volume v against the external influence of the fully coupled system
while constraining all N coordinators (coupled to the protein) to remain
exterior to v.
2. DA1/0ðN;VvÞ ¼ funcouple is due to uncoupling the protein from its coordina-
tors and ‘‘switching off’’ their interactions with all degrees of freedom
(including the ion) except those of other coordinators.
3. nm ¼ n½m0 þ kBTlnðv=VÞ is due to uncoupling n free coordinators
from one another and from the remaining N-n free coordinators,
removing them from V  vzV, and placing them in the subvolume, v.
Recall, in the macroscopic limit, m0ðN  n;V  vÞ/m0ðN;VÞ.
Note that once we place a coordinator inside the subvolume in step 3, it
‘‘feels’’ the external field of the ion, because xC/0 only uncouples the inter-
action of the N  n coordinators outside the subvolume from the ion. The n
coordinators within the subvolume are still allowed to interact with the ion at
full uncoupling ðxC/0;xR/0Þ. The interaction of the n coordinators with
each other and the ion is not encoded in m0, but inQ0n of Eq. A16. Thus, steps
1–3, above, account for the excess free energy built into the protein for
bringing n coordinators together to complex the ion; the surface free energy,
3CRn , of Eq. A13 represents the excess free energy due to the interaction of the
ion-bound complex (ion plus n coordinators) with the rest of the system, and
A0n ¼ kBT lnQ0n (in Eq. A16) is the free energy due to the internal interac-
tions within the uncoupled binding complex, itself.
Combining Eqs. A16 and A19, the normalization of PCR implies
X
n
PCRðnÞ ¼
XN
n¼ 0
Q0ne
b3CRn ebnmebðfuncouple þfcavityÞ ¼ 1; (A20)
where we have defined m ¼ m0 þ kBTlnðv=VÞ (see step 3, above). Given that
the term expðfuncouple þ fcavityÞ has no dependence on n, we have
ebðfuncouple þfcavityÞ ¼
XN
n¼ 0
Q0ne
b3CRn ebnm ¼ XCR: (A21)
u ¼ nm0 þ A0ðN;V  vÞ þ A0R  AðN;VÞ þ ½AðN;V  vÞ  AðN;V  vÞ
¼ nm0 þ fA0ðN;V  vÞ þ A0R AðN;V  vÞ} þ fAðN;V  vÞ  AðN;VÞ};
¼ nm0 þ DA1/0ðN;VvÞ þ DAðN;V/VCÞ
(A19)
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0
ne
b3CRn and QCRn hQ
0
ne
b3CRn , the expression
for PCRðnÞ yields
PCRðnÞ ¼ Q
CR
n e
bnm
XCR
¼ z
nZCRn
n!XCR
; (A22)
where z ¼ qCebm=v is the activity of a single coordinator. The normalization
constant, XCR, may be recognized as the grand canonical partition function,
XCR ¼
XN
n¼ 0
QCRn e
bnm ¼
XN
n¼ 0
znZCRn
n!
: (A23)
In the spirit of the so-called ‘‘mixture-model’’ approach ofBen-Naim (39,40),
we may identify the distribution, PCRðnÞ, as the discrete quasicomponent
distribution. From this point of view, when a protein binds an ion via coordi-
nation, it can be said that the protein actually ‘‘binds’’ the entire ion-coordi-
nated quasicomponent complex. As such, the ‘‘interfacial energy’’ function,
UCRs , is the so-called ‘‘binding energy’’ (62) of the n-coordinate quasicompo-
nent, and the surface energy, 3CRn , of Eq.A13 can be considered to be related to
the excess portion of the quasicomponent’s ‘‘effective’’ chemical potential.
We may now express the probability density that the system within the
subvolume, v, contains n coordinators with the configuration, rn, as
PCRðn;rnÞ ¼ z
n
n!XCR
eb½Unðr
nÞþWCRn ðrnÞ; (A24)
whereWCRn is an external potential of mean force derived from the influence
of the coordinators outside of v and the system remainder,
WCRn ðrnÞ ¼ kBT ln
2
64 Z
VC
drNnrNn
Z
V
dRrRe
bUsðrn;rNn;RÞ
3
75:
(A25)
As usual, we may express the probability density that particles 1.m out of
the n coordinators within the subvolume attain a particular configuration,
rm ¼ r1;r2;.;rmgf , irrespective of the positions of the remaining n  m
coordinators, rnm ¼ rmþ1; rmþ2;.; rngf , as
rCRðmjnÞðrmÞ ¼
R
v
drnmeb½Un þW
CR
n 
ZCRn
; (A26)
such that PCRðn;rnÞ may be expressed as a product,
PCRðn;rnÞ ¼ PCRðnÞrCRðnjnÞðrnÞ: (A27)
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